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Resumo
O presente trabalho apresenta uma análise dinâmica 2D de transição multiescala para materi-
ais heterogêneos usando o Método dos Elementos de Contorno (BEM, da sigla em inglês). Devido
à mudança das propriedades elásticas da escala modelada, o comportamento isotrópico é consid-
erado na macroescala e o comportamento anisotrópico na microescala. A conectividade entre os
domínios de escalas é formulada com base em pontos internos desde a macroescala. Como resul-
tado, o campo de deslocamento é conhecido e é usado como uma condição de contorno prescrita
na microescala. A análise transitória implementa o Método de Reciprocidade Dual (DRM, da sigla
em inglês) para resolver o problema da não linearidade e da dependência do tempo. Além disso, o
algoritmo de Houbolt é usado como método de integração no tempo. Na microescala, a estrutura
policristalina é reproduzida usando o diagrama de Voronoi. Considerando a morfologia estocástica
em materiais heterogêneos, este modelo leva a uma orientação aleatória para cada grão. Poste-
riormente, as interfaces dos grãos são estudadas usando o Modelo de Zona Coesiva Multiescala
(MCZM, da sigla em inglês), o qual inclui uma aproximação da escala atomística, sendo mode-
lada com base no potencial EAM (embedded atom model, da sigla em inglês). A partir da ruptura
de ligações atômicas devido às forças interatômicas, as simulações de uma falha intergranular são
obtidas. Finalmente, testes de verificação são confrontados com soluções de referência para mostrar
a viabilidade desta metodologia de transição.
Palavras-chave: Materiais Heterogêneos; Análise Dinâmica; Método dos Elementos de Contorno;
Método da Zona Coesiva; Formulação Isotrópica e Anisotrópica.
Abstract
In this work, a multiscale 2D dynamic transition for heterogeneous materials is proposed
using the boundary element method (BEM). Owing to the change of elastic properties of the
modeled scale, the isotropic behavior is considered at the macroscale and the anisotropic behavior
at the microscale. The connectivity between scales is formulated based on internal points from the
macroscale. As a result, the displacement field is known, which is used as a prescribed boundary
condition at the microscale. The transient analysis is implemented by the dual reciprocity method
(DRM) to evaluate the non-linear and time-dependent problem. In addition, the Houbolt algorithm
is used as the time integration method. At the microscale, the polycrystalline aggregate is repro-
duced using Voronoi tessellation. This model contemplates the stochastic morphology and random
crystalline orientations for each grain. Subsequently, the interfaces of grains are studied using the
multiscale cohesive zone model (MCZM), and a consequence, the strain energy is transferred to
disrupt a homogenized atomistic arrangement. In order to describe the energy between atoms, the
embedded atom model (EAM) potential is used. Thereby, from the rupture of atomic bonds due to
the interatomic forces, simulations of intergranular failures are obtained. Finally, verification tests
are confronted with reference solutions in order to show the viability of this bridging methodology.
Keywords: Heterogeneous Materials; Dynamic Analysis; Boundary Element Method; Cohesive
Zone Model; Isotropic and Anisotropic Formulations.
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Nowadays, some of the primary goals of science and technology are to understand and con-
trol the behavior of materials at different space and time scales. The reason for that is because
the macroscopic domain is affected by microscopic discontinuities. These discontinuities limit the
strength, ductility, toughness, and endurance of a component. In view of the increasing need for
solving simulation problems and to achieve reliable results in engineering materials, the multiscale
analysis has emerged as one of the research area, which evaluates and connects the physical re-
sponse of materials in different scales under load conditions (FISH, 2010). This type of analysis is
determined by a hierarchy process and three categories can be distinguished. In the first category, a
high resolution is applied to a small part inside the macro-domain, in which particular details of the
morphology need to be solved (e.g. dislocations, cracks, etc.). In the second, one relies on a macro-
scopic description that has to be solved from an essential microscale analysis. In the third category,
parts of the macro-domain are fully resolved at the microscale, and other parts are probed at the
microscale only through the effective macroscopic response (MATOUŠ ET AL., 2017). These types
of multiscale analysis present a hierarchy process, and not only connect theories and experiments
but also is a feasible and non-expensive tool to be used in the laboratory (STEINHAUSER, 2017).
In order to establish a multiscale framework, the constitutive behavior of the material must be
considered at the different scales. The homogeneous properties are related to the macroscale, where
continuum theories can be used to model the mechanical response. In this scale, which is also called
coarse scale, the entire structure is governed by constitutive laws. Subsequently, the microscale,
for example in metallic materials, is characterized by anisotropic grains or microstructures that
affect the elastic properties of the body. These properties change according to the direction and
the random distribution of the grains. The continuum theory can be still used, but the simulation
time increases due to the multi-zone analysis. At the atomistic or fine scale, it is required to model
the atom-atom interactions, where potential functions must be applied. The potential energy for
the system is estimated using a number of different interactions, which are collectively known as
force fields (GOONEIE ET AL., 2017). On the other hand, there are fences to overcome when the
information is being transferred between scales. The first one is the continuum and classical models
used to approximate the geometry of the problem and then comes the computational cost (NGUYEN
ET AL., 2017). Figure 1.1 describes the range of space and time scales for a connecting rode,
component selected to represent a multiscale analysis.
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Figure 1.1: Hierarchy process of the multiscale analysis
Recently, research works of polycrystalline materials have been developed in order to ob-
tain the mechanical response in a multiscale framework. The extended finite element method
(XFEM) has been used in the work of Liu et al. (LIU ET AL., 2017) to study the influence of
micro defects on a macroscopic behavior under static boundary conditions. Similarly, it is observed
in (FU ET AL., 2016) the multiscale technique to simulate the behavior of heterogeneous materi-
als. The variational multiscale method (VMM) is another multiscale technique that has been used
to model crack propagation in polycrystalline structures (SUN AND SUNDARARAGHAVAN, 2016).
This method incorporates displacement discontinuities using enrichment functions to represent the
microscale, while a generalized finite element method (FEM) is used to model the macroscale. In
most of the works on multiscale analysis, the FEM is widely used (ERKMEN; SIMONE ET AL.;
MARKOVIC AND IBRAHIMBEGOVIC, 2013; 2006; 2004). Comparatively, numerical simulations
under multiscale transient analysis are developed by Qian and Li (QIAN AND LI, 2011), and Zeng
and Li (ZENG AND LI, 2010). The authors have studied the 2D polycrystalline morphologies to
determine the fracture process coupling MCZM and FEM. Usually, in these numerical techniques,
the mesh refinement at the microscale needs to be much higher. Owing to the high gradients and
internal force concentration of the structure over small regions, the BEM has been applied as an
alternative computational method for the multiscale analysis of heterogeneous materials. Sfantos
and Aliabadi (SFANTOS AND ALIABADI, 2007) introduced a 2D macro and micro analysis of poly-
crystalline materials under static loads. The authors considered the representative volume elements
(RVEs) to transfer the mechanical response between scales. However, in this type of transition, the
information is conditioned by the size of elements that are required to be much smaller than the
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microscale. Galvis and Sollero (GALVIS AND SOLLERO, 2016) presented a dynamic analysis of
2D polycrystalline materials coupling the BEM and MCZM, where the micro and the atomistic
scales were modeled.
The Boundary Element Method (BEM) is in general very convenient for solving physical
problems, especially those involving infinite or semi-infinite domains under stress concentration.
This is mainly due to the use of the so-called fundamental solution, which is an analytical
free-space solution of the governing differential equations for a source point excitation. The
BEM is also attractive due to the reduction in the dimensionality of the numerical problem.
In the case of two-dimensional problems, only the boundary of the total domain needs to be
discretized into elements. The mesh discretization of two different domains is illustrated in
Figure 1.2. At the microscale, it is useful to model each grain as a continuum body applying
displacement compatibility and traction equilibrium at the grain interfaces. Furthermore, the
polycrystalline structure can be generated using the Voronoi tessellation algorithm (OKABE
ET AL., 2009). This algorithm has been extensively used to represent the grain morphologies,
e.g. (ESPINOSA AND ZAVATTIERI; GHOSH AND LIU; GALVIS AND SOLLERO, 2003; 1995; 2016).
Figure 1.2: Mesh discretization of a macro and a micro domains using boundary elements
Regarding the BEM implementation, the use of Green’s functions is crucial in the direct
formulation. For the isotropic medium, it can be represented in relatively simple explicit forms. In
the case of the anisotropic medium, however, the Green’s function is significantly more complex.
Furthermore, the Boundary Integral Equation (BIE) for elastodynamics may contain domain
integrals. These integrals cannot be directly evaluated without destroying the notion of the BEM
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as a boundary solution technique and require a further transformation into boundary integrals.
Some methods for this integral transformation are available in the literature, such as the Fourier
expansions, the Galerkin vector technique, the multiple reciprocity method, the cell integration
method, the dual Reciprocity method (DRM) and the radial integration method (RIM), among
others. The DRM is basically a generalized way of constructing some particular solutions that are
used to solve non-linear and time-dependent problems (PARTRIDGE ET AL., 2012). There are a
few works that analyze elastodynamics problems in anisotropic materials using the BEM. Wang
et al. (1996) analyzed scattering of elastic waves due to a crack in an infinite bi-dimensional
anisotropic medium. Saez and Dominguez (1999) presented a formulation of the scattering of
harmonic waves due to a crack in three-dimensional transversely isotropic medium using a
numerical fundamental solution. Additionally, a dynamic analysis in polycrystalline materials
using parallel processing to increase the number of regions to evaluate is found in Galvis et al.
(2018b). However, it is not easy task to develop the parallel code using BEM. Figure 1.3 illustrates
an OpenMP implementation inside a BEM code to evaluate the influence matrices.
Figure 1.3: The framework for a parallel analysis using BEM
OpenMP is an Application Program Interface (API) used to explicitly direct multi-threaded,
shared memory parallelism. It is used in this work to evaluate the influence BEM matrices at the
microscale. Regarding an atomistic scale, several works have been done using molecular dynamics
(MD) and quantum mechanics (QM) (GIBSON ET AL.; ZHANG AND JIANG, 2018; 2017). How-
ever, it is impossible to conduct such simulations of large scales for practical applications (LYU
ET AL., 2016). As an alternative, the MCZM is presented as a simulation technique to couple
the continuum and the discrete domain (FAN AND LI; LI ET AL.; ZENG AND LI, 2015; 2012;
2012). The MCZM is introduced by Lyu et al. (2016) in the last version of multiscale analysis to
model fracture in metals. The authors used third-order Cauchy-Born rules and a barycentric FEM
formulation to build shape functions for hexagonal cohesive zones. However, the discretization
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lies on the granular domain, and it leads to a high computational cost. This MCZM formulation
is based on atomistic potentials and the information related to deformation gradients. To model
the atomistic behavior, Lennard-Jones potential has been extensively implemented (GALVIS AND
SOLLERO; FAN AND LI; ZENG AND LI, 2016; 2015; 2012). Nonetheless, it is necessary to imple-
ment an enhanced potential to obtain reliable results, particularly, in simulations with metallic mate-
rials (GRIEBEL ET AL., 2007). The EAM/Finnis-Sinclar potential was introduced and employed to
study the bulk, surface and cluster properties of metals. This potential, based on a second-moment
approximation to the tight-binding density of states, it has a simple analytic form and it has shown
a satisfactory approximation in simulations of point defects, grain boundaries, surface and amor-
phization transition for metals and alloys (DAI ET AL., 2006). Figure 1.4 shows a body-centered
cubic lattice (BCC), which is illustrated to represent the two levels of information that a many-body
potential needs to evaluate the interaction energy.
Figure 1.4: BCC structure evaluated with the EAM potential
Currently, there are two challenges associated with a multiscale dynamic analysis. First, the
atomistic-microscopic scale connection, where the fictitious boundary effects appear due to the
strong dependence between scales (JEBAHI ET AL., 2016). In dynamic problems, this usually in-
volves the elimination of spurious phonon reflections from the interface between the atomistic and
continuum domains, and it provides a significant difference between the continuum mesh resolu-
tion and the discrete zone resolution (SADEGHIRAD AND TABARRAEI, 2013). Second, the macro-
microscopic connection of heterogeneous materials, considering realistic defects as micro-cracks.
The challenge appears due to the strong dependency on size, shape, properties, and distribution
of the grains in each scale (CLÉMENT ET AL.; KOUZNETSOVA ET AL., 2013; 2001). This work
presents the first 2D dynamic approach to couple macro-micro and atomistic scales using BEM and
MCZM. In order to consider the relevance of material properties at different scales, both isotropic
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and anisotropic media are considered. Internal points are evaluated at the macroscale to obtain the
prescribed boundary conditions to be applied at the microscale. A parallelization on a shared mem-
ory architecture, using Fortran-OpenMP, is employed to evaluate the BEM matrices. The MCZM
is implemented with the EAM potential to model the interface granular response. Consequently,
an intergranular pre-crack is propagated. Finally, the results are contrasted with reference curves
to verify the multiscale transition, showing the changes to the displacement field on the space and
time scales.
1.2 Motivation
The multiscale analysis of materials has been considered as a relevant task during the past
years in different fields of science, such as engineering, medicine, biology, and chemistry. In this
dissertation, the motivation is to analize the multiscale-mechanical behavior of heterogeneous mate-
rials under dynamic conditions. Recently, related analyses developing multiscale simulations using
BEM in polycrystalline and composite materials have been presented (GALVIS AND SOLLERO;
RODRIGUEZ, 2016; 2016). The authors have mentioned in their conclusions the need to include a
macroscopic scale and to treat a large number of degrees of freedom to achieve a realistic approxi-
mation. However, fences to overcome appear when the material is analyzed between the scales, for
example, the geometry approximation and the computational cost.
1.3 Objectives
This work develops a two-dimensional multiscale analysis for heterogeneous materials. Both
isotropic and anisotropic elastic properties are considered at the macroscale and the microscale,
respectively. The objectives of this dissertation are listed as follows:
∘ Apply a 2D dynamic macroscale and microscale analysis to heterogeneous materials using
BEM.
∘ Share information between the macro and the micro scales using internal points.
∘ Evaluate the influence of dynamic macro-conditions when they are applied as prescribed
boundary conditions on polycrystalline structures.
∘ Model the interfaces between granular regions with the MZCM-EAM potential.
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∘ Establish the failure criterion at the microscale based on a cut-off parameter from the atom-
istic lattice structure.
1.4 Outline
The present dissertation is composed by seven chapters. In the first chapter, a brief state of
the art is presented. Subsequently, motivation, objectives, and contributions of this work are de-
scribed. In the second chapter, the governing equations for solid mechanics and multiscale failure
are reviewed. The third chapter presents the BEM formulation for elastostatics and elastodynam-
ics. In this chapter, the generally isotropic and anisotropic fundamental solutions are summarized.
Furthermore, the multi-region approach to be used at the microscale is formulated. The homoge-
nization technique to couple the micro-atomistic scale is presented in chapter four. In this section,
the failure of the material and the multiscale methodology are described. In the fifth chapter, the
macro-micro simulation results are provided. The intergranular simulation is shown in chapter six.
Conclusions of this research work are presented in the last chapter.
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2 Solid Mechanics and Multiscale Failure
This chapter presents the basic equations used in solid mechanics to describe the BEM. The
chapter covers two main subjects: (a) Equilibrium conditions and (b) the linear elastic failure. The
representation in this chapter primarily uses the Cartesian coordinate system and indicial notation.
2.1 Equilibrium conditions
Solid mechanics is based on the idealization of a discontinuous material by a continuum.
The material properties and the appearing mechanical quantities, in general, can be represented
by continuous functions. Figure 2.1 shows an arbitrary material with a fictitious cut. The external




Figure 2.1: Internal and external forces acting on a continuum body
The equilibrium for the homogeneous body presented before is ensured if the resultant of






𝑝𝑖d𝑉 = 0, (2.1)
Consequently, the relationship between the stress and strain that a particular material displays
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is given by
𝑡𝑖 = 𝜎𝑖𝑗𝑛𝑗, (2.2)
where 𝜎𝑖𝑗 represents the Cauchy stress tensor, and 𝑛𝑗 is the out normal vector which is perpendicu-







Equation (2.1) can be rewritten as
∫︁
𝑉
(𝜎𝑖𝑗,𝑗 + 𝑝𝑖)d𝑉 = 0, (2.3)
Therefore, for each point of the body the local equilibrium condition is
𝜎𝑖𝑗,𝑗 + 𝑝𝑖 = 0, (2.4)
For solid bodies experiencing dynamic motions, Equation (2.4) can be replaced with a general
expression involving mass and acceleration. The equation that describes a dynamic equilibrium of
a body is given by
𝜎𝑖𝑗,𝑗 + 𝑝𝑖 = 𝜌?̈?𝑖, (2.5)
where 𝜌 is density, and ?̈?𝑖 represents the acceleration for a point 𝑖. This expression comes from the
conservation of linear momentum. The conservation of angular momentum also establishes that
𝜎𝑖𝑗 = 𝜎𝑗𝑖, (2.6)
In linear elasticity, the displacement vector and its derivatives are considered as infinitesimals.





(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) , (2.7)
For displacements 𝑢𝑖 , the strain components 𝜀𝑖𝑗 , can be determined by Equation (2.7). How-
ever, for prescribed strain components, this expression represents a system of partial differential
equations that is not expected to have an unique solution. Thereby in order to ensure uniqueness of
displacements, some restrictions must be imposed on the strain components 𝜀𝑖𝑗 . These restrictions
are known as the compatibility conditions.
𝜀𝑖𝑗,𝑘𝑙 + 𝜀𝑘𝑙,𝑖𝑗 − 𝜀𝑖𝑘,𝑗𝑙 − 𝜀𝑗𝑙,𝑖𝑘 = 0 (2.8)
An elastic solid is defined as a body that strains when subjected to stress in a manner that
when the stresses are removed, the strains vanish (KANE, 1994). Hooke’s law is an experimentally
determined relationship between the components of the stress and strain tensor for an elastic mate-
rial. For an isotropic material, the material responds exactly the same regardless of the direction of
the loading. Otherwise, the material is considered as anisotropic. The relationship between stress
and displacement is given by the generalized Hooke’s law for an anisotropic body as follows
𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙, (2.9)
where 𝐶𝑖𝑗𝑘𝑙 is the material stiffness tensor, and it is a symmetric tensor 𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑗𝑖𝑘𝑙 = 𝐶𝑘𝑙𝑖𝑗 . It
reduces the number of independent elastic constants from 81 to 21. Equation (2.9) can be rewritten











𝐶1111 𝐶1122 𝐶1133 𝐶1123 𝐶1113 𝐶1112
𝐶1122 𝐶2222 𝐶2233 𝐶2223 𝐶2213 𝐶2212
𝐶1133 𝐶2233 𝐶3333 𝐶3323 𝐶3313 𝐶3312
𝐶1123 𝐶2223 𝐶3323 𝐶2323 𝐶2313 𝐶2312
𝐶1113 𝐶2213 𝐶3313 𝐶2313 𝐶1313 𝐶1312











Moreover, Equation (2.9) can also be rewritten as
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𝜀𝑖𝑗 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑘𝑙, (2.11)












𝑆1111 𝑆1122 𝑆1133 𝑆1123 𝑆1113 𝑆1112
𝑆1122 𝑆2222 𝑆2233 𝑆2223 𝑆2213 𝑆2212
𝑆1133 𝑆2233 𝑆3333 𝑆3323 𝑆3313 𝑆3312
2𝑆1123 2𝑆2223 2𝑆3323 4𝑆2323 4𝑆2313 4𝑆2312
2𝑆1113 2𝑆2213 2𝑆3313 4𝑆2313 4𝑆1313 4𝑆1312






















𝑎11 𝑎12 𝑎13 𝑎14 𝑎15 𝑎16
𝑎12 𝑎22 𝑎23 𝑎24 𝑎25 𝑎26
𝑎13 𝑎23 𝑎33 𝑎34 𝑎35 𝑎36
𝑎14 𝑎24 𝑎34 𝑎44 𝑎45 𝑎46
𝑎15 𝑎25 𝑎35 𝑎45 𝑎55 𝑎56











The elastic coefficients of the compliance tensor can be further expressed in terms of engi-
neering constants as
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𝑎11 = 1/𝐸1 𝑎12 = 𝜈12/𝐸1 = −𝜈21/𝐸2
𝑎13 = −𝜈31/𝐸1 = −𝜈13/𝐸3 𝑎14 = 𝜂23,1/𝐸1 = 𝜂1,23/𝐺23
𝑎15 = 𝜂32,1/𝐸1 = 𝜂1,32/𝐺23 𝑎16 = 𝜂12,1/𝐸1
𝑎16 = 𝜂12,1/𝐸1 𝑎23 = 𝜈32/𝐸2 = −𝜈23/𝐸3
𝑎22 = 1/𝐸2 𝑎22 = 1/𝐸2
𝑎24 = 𝜂23,1/𝐸2 = 𝜈23,3/𝐺23 𝑎25 = 𝜂31,2/𝐸2 = 𝜂2,31/𝐺13
𝑎26 = 𝜂12,2/𝐸2 = 𝜂2,12/𝐺12 𝑎34 = 𝜂23,3/𝐸3 = 𝜂3,23/𝐺12
𝑎33 = 1/𝐸3 𝑎36 = 𝜂12,3/𝐸3 = 𝜂3,12/𝐺12
𝑎35 = 𝜂31,1/𝐸3 = 𝜂3,31/𝐺13 𝑎45 = 𝜁32,23/𝐺23 = 𝜁23,31/𝐺13
𝑎44 = 1/𝐺23 𝑎55 = 1/𝐺13
𝑎46 = 𝜁12,23/𝐺23 = 𝜁23,12/𝐺12 𝑎46 = 𝜁12,23/𝐺23 = 𝜁23,12/𝐺12
𝑎66 = 1/𝐺12 𝑎56 = 𝜁12,31/𝐺13 = 𝜁31,12/𝐺12
(2.14)
where 𝐸𝑘 are the longitudinal elasticity modulus, or Young’s modulus along the respective coordi-
nate axis 𝑥𝑘. 𝐺𝑖𝑗 is the shear modulus, or Coulomb modulus, for planes defined by 𝑥𝑖𝑥𝑗 coordinate
axes. 𝜈𝑖𝑗 are the Poisson’s ratios, which characterize the contraction along the direction of one axis
when tension is applied to the direction of another axis. These constants are well known for an
isotropic body. The constants 𝜂𝑖𝑗,𝑘 are known as the mutual influence coefficients of the first kind;
they denote the extension in the direction of 𝑥𝑘 coordinate produced by shearing stresses acting
on the coordinate planes 𝑥𝑖𝑥𝑗 . The constants 𝜂𝑖,𝑗𝑘 are known as the mutual influence coefficients
of the second kind and denote the shear in the coordinate plane 𝑥𝑗𝑥𝑘 due to a normal stress acting
on the 𝑥𝑖 coordinate direction. Finally, 𝜁𝑖𝑗,𝑘𝑙 are called Chentsov’s coefficients, and they represent
the shear deformation in planes parallel to the coordinates planes produced by the shearing stresses
acting on the other planes parallel to the coordinate planes.
It is worth pointing out that a further reduction of the number of independent elastic con-
stants, is possible if there are symmetries respect to the axis of the material. If there are symmetry
with respect to three mutually perpendicular axis, the material is called orthotropic and the number
of independent constant is reduced to nine. If the material exhibits a rotational elastic symmetry
about one of the coordinate axe, the material is named transversely isotropic and the number of
independent constants is reduced to five. Finally, if the symmetry exists in all directions, the ma-
terial is called isotropic and only two independent constants are required to describe the material
behavior. The relationship considering a homogeneous isotropic material is given by
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𝜎𝑘𝑙 = 𝜆𝛿𝑖𝑗𝜀𝑘𝑘 + 2𝜇𝜀𝑖𝑗, (2.15)




; 𝜈 = 𝜆
2(𝜆+𝜇)
; 𝜆 = 𝜈E




2.2 Two dimensional analysis
Some problems in solid mechanics can be satisfactorily modeled in two dimensions rather
than three (GAO AND DAVIES, 2002). In some case, this simplification arises naturally as a conse-
quence of the physical nature of the problem, but often it is imposed as a convenient approximation
to reality. Three distinct cases are possible: (a) plane strain, (b) plane stress, and (c) axisymmet-
ric. The first one is applicable to cases where the cross-section of the solid is sensibly constant
over an indefinite (large) distance along one axis. If the loading is also invariant (and imposed in-
plane) along the same axis, then the direct strain in that direction must be zero. By symmetry, the
shear strains on the cross-sectional face are also equal to zero. In contrast, plane stress, as its name
suggests, pertains to conditions where the stresses acting on one plane are all zero. Finally, many
engineering structures (e.g., pipes, pressure vessels) are symmetrical about an axis. If the loading
system gives rise to a stress system that is independent of the circumferential coordinate, then such
problems can be modeled by an axisymmetric formulation in the two remaining dimension.
Under plane stress conditions, which is considered for this work, it is assumed that the stress
along the normal plane to the third axis is zero, that is, 𝜎33 = 𝜎32 = 𝜎31 = 0. Although plane
strain and plane stress conditions are quite different in the physical sense, a simple mathematical
equivalence can be established between them.
Since the present study considers two-dimensional problems, to maintain the random charac-
ter of the generated microstructure at the microscale and the stochastic effects of each grain on the
overall behavior within the system, three different cases are considered for each grain. This process
is similarly developed by Sfantos and Aliabadi (2007). Figure 2.2 illustrates a 2D polycrystalline






Figure 2.2: Agreggate of grains distributed with randomly distributed orientation
Each grain is considered as a single crystal with an orthotropic elastic behavior and a spe-
cific material orientation. Considering that 𝑥𝑦𝑧 is the geometry coordinate system and that 123 is
the material coordinate system, there are three cases in view of which of the three material axes
coincide with the z-axis (out of plane); thus Case 1: 1 ≡ z, Case 2: 2 ≡ z and Case 3: 3 ≡ z
(working plane is assumed the 𝑥𝑦). Therefore, every generated grain is characterized by one of the
aforementioned cases in a completely random manner. In Figure 2.2, the different color over each
grain indicates different orientations and elastic properties. The three-dimensional view is provided
to signify the random character of the grains for each case.
For the case of an orthotropic material, which has three mutually perpendicular symmetry
planes, the compliance tensor unknown components are reduced to 9, since 𝑆14 = 𝑆15 = 𝑆16 =
0, 𝑆24 = 𝑆25 = 𝑆26 = 0, 𝑆34 = 𝑆35 = 𝑆36 = 0, 𝑆45 = 𝑆46 = 𝑆56 = 0. In the case of two-
























Subsequently, Table 2.1 summarizes the corresponding to the 𝑆 ′𝑖𝑗 tensor compliance com-







Table 2.1: Corresponding compliance tensor components for the two dimensional plane stress case
𝑆
′
𝑖𝑗 1 ≡ z 2 ≡ z 3 ≡ z
𝑆
′
11 𝑆22 𝑆11 𝑆11
𝑆
′
22 𝑆33 𝑆33 𝑆22
𝑆
′
12 𝑆23 𝑆13 𝑆12
𝑆
′
66 𝑆44 𝑆55 𝑆66
The constitutive equation for each elastic tensor must be transformed to the reference axes.
The transformation can be expressed by
Case 1, rotation around axis 1
Ω* =
⎡⎢⎣ 1 0 00 𝑚 𝑛
0 −𝑛 𝑚
⎤⎥⎦ , (2.18)
Case 2, rotation around axis 2
Ω* =
⎡⎢⎣ 𝑚 0 −𝑛0 1 0
0 0 𝑚
⎤⎥⎦ , (2.19)
Case 3, rotation around axis 3
Ω* =
⎡⎢⎣ 𝑚 0 0−𝑛 𝑚 0
0 0 1
⎤⎥⎦ , (2.20)















































































































































































Finally, the stiffness tensor and compliance tensor can be transformed to a local system as
C* = KCK𝑇 S* = (K−1)𝑇SK−1 , (2.26)
2.3 Multiscale cohesive failure
Failure mechanics is the study of the strength of materials containing preexisting flaws or
cracks under the action of externally applied loads. A crack can be defined as a notch with its radius
of curvature approaching zero. If there is a crack that runs through several grains, the orientation
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of the separation surface changes according to the local lattice planes and axes (transgranular
fracture). If the grain boundaries are sufficiently weak, the separation on account of the dislocation
piles up and grain boundary sliding will take place along these boundaries (intergranular fracture).
Figure 2.3 illustrates the two different crack propagation possibilities for polycrystalline materials.
Figure 2.3: Micro defects: a) Intergranular crack, b) Transgranular crack
Usually, a crack is envisioned as a physical breach of a material that had been previously con-
tinuous. Forces from forming operations or usage of components are generally the causes of cracks.
Metallic materials are weaker at high temperatures, and the forces from differential contraction may
be enough to cause cracking. Fracture mechanics have been widely evaluated to model the crack
behavior in homogeneous materials. However, the assumptions to model aggregate structures as a
totally homogeneous domain give an opportunity to analyze the phenomena using other method-
ologies, for example, multiscale cohesive methods. The multiscale cohesive zone model (MCZM)
considers the energy of deformation of the cohesive interface domains located between two adja-
cent grains. This methodology is based on atomistic potentials coupling the satomistic scale and
the continuum modeling techniques. Furthermore, it allows supporting information about physi-
cal defects, for example, the aforementioned cracking defects. Regarding the MCZM implemen-
tation, the interatomic potential, which is the basis of its formulation, is usually categorized into
three approximate models: empirical potentials like Lennard-Jones, semi-empirical potential like
EAM/Finnis-Sinclar, and nonempirical approach like Ab initio. In this work, the EAM potential is
used to model the interatomic force interaction. Moreover, it includes a many-body model, and the
parameters used into the formulation are found in the literature (DAI ET AL., 2006). An advantage
of this many-body potential is the elimination of drawbacks of pair potentials, such as the zero
Cauchy pressure (WEINBERGER AND TUCKER, 2016).
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3 BEM formulation of 2D Isotropic and Anisotropic media
The boundary element method (BEM) constitutes a technique for analyzing the behavior of
mechanical systems and especially of engineering structures subjected to external loading. This
chapter presents the 2D-BEM dynamic formulation for an elastic material. In addition, the dual
reciprocity method (DRM) is described in order to evaluate the non-linear and time-dependent
problem. The BEM application requires the use of fundamental solutions, whose formulation is
considered. Finally, in order to model polycrystalline structures the crystallography and the multi-
domain implementations are presented.
3.1 BEM for linear elasticity
The integral equation for dynamic equilibrium over the plane domain Ω, which is taken from










An integral statement equivalent to the equation of equilibrium can be obtained by multiply-
ing Equation (3.1) by some arbitrary scalar weigth function w and integrating over the domain.
∫︁
Ω




The first term in Equation (3.2) involves a derivate. After using the product rule for deriva-













The term (𝜎𝑖𝑗𝑤𝑖),𝑗 can be recognized as the divergence of (𝜎𝑖𝑗𝑤𝑖). After applying the diver-











where, 𝑡𝑖 represents the external force and it is defined in Equation (2.2). After substituting Equa-













It is convenient to transform 𝑤𝑖,𝑗 in a way that it only involves the symmetric part of 𝑤𝑖,𝑗 . The




(𝑤𝑖,𝑗 + 𝑤𝑗,𝑖) +
1
2
(𝑤𝑖,𝑗 − 𝑤𝑗,𝑖) = 𝑠𝑖𝑗 + 𝑎𝑖𝑗, (3.6)
















The Equation (3.7) involves weight functions that can be considered as imaginary dis-
placement field 𝛿𝑢𝑖. Upon substitution of 𝛿𝑢𝑖 for 𝑤𝑖, and considering an imaginary strain field

























𝜌𝑢𝑖(𝛿𝑏𝑖 − 𝛿?̈?𝑖)dΩ, (3.9)
which is known as Betti’s reciprocal work theorem. Then, a virtual work 𝛿 is a fundamental state
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The Equation (3.10) is an integral that governs the behavior on a solid object (domain Ω,
boundary Γ), that is in equilibrium under the action of surface traction 𝑡𝑖, and displacement 𝑢𝑖. The
term to the body force is redefined as 𝑝𝑖 = 𝜌(𝑏𝑖 − ?̈?𝑖). 𝑈𝑖𝑗 and 𝑇𝑖𝑗 represent the displacement and
traction fundamental solutions for a virtual space, respectively. Recall that the concentrated load in
Kelvin’s problem was assumed to be applied to a body force in the form of a delta function. The
selection property of the Dirac delta function can be used to determine the contribution from the









𝑇𝑖𝑘𝑢𝑖dΓ + 𝑐𝑖𝑘𝑢𝑖(d), (3.11)
The symbol 𝑐𝑖𝑘 has been used to account for the cases where the location (d) of the concen-
trated load is either inside or outside of Γ. In this work, it is considered that 𝑐𝑖𝑘 = 𝛿𝑖𝑘.
3.2 Transforming domain into a boundary integral
In order to transform the domain integral presented in Equation (3.11), Partridge et al. (1992)
proposed the use of particular solutions. This method is known as the dual reciprocity method
(DRM), and it is represented as






where 𝑓𝑚𝑖𝑘 are 𝑀 radial function, and 𝛼
𝑚







If there are 𝑁 boundary nodes and 𝐿 internal nodes, there will be M = N+L values of ?̂?𝑗𝑟𝑘,𝑛𝑠,
see Figure 3.1.
Figure 3.1: Boundary and internal nodes










































The Equation (3.15) represents the boundary integral equation that governs a solid body.
There are several methods used to calculate the particular solutions, such as trigonometric series and
radial functions 𝑟 (PARTRIDGE ET AL., 1992). The particular radial solutions used by Albuquerque
et al. (2003) are implemented.
?̂?𝑚𝑘 = 𝑐𝑟
3𝛿𝑘𝑚, (3.16)
where 𝑐 is an arbitrary constant. The approximation function is given by
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𝑓𝑖𝑚 = 𝐶𝑖𝑗𝑘𝑙{𝑐𝑟(𝑟,𝑙𝑟,𝑗𝛿𝑘𝑚 + 𝛿𝑗𝑙𝛿𝑘𝑚)}, (3.17)
The traction 𝑡𝑖𝑛 is given by
𝑡𝑚𝑘 = 𝜎𝑚𝑟𝑠𝑛𝑠, (3.18)














































where NE are the number of boundary elements. Then, Equation (3.20) can be expressed in terms





































U[Φ]𝑗 | 𝐽 | d𝑎 , (3.23)
The terms [Φ] are the interpolation functions, whereas | 𝐽 | is the Jacobian module in a coordi-
nate system. In addition, several methods are used in order to integrate this boundary equation, such
as the Gauss-Legendre quadrature and an enhanced integration method proposed by DUMONT
(2018). In this work, the first one is used to calculate the numerical response. Moreover, boundary
elements with three nodes are used at the macroscale. Owing to the polycrystalline morphology,
boundary elements with three nodes, without lie at the corners, are evaluated at the microscale.
Figure 3.2 shows the boundary element discretization for a 2D domain.
Figure 3.2: Boundary elements for a two-dimensional domain
3.3 Dynamic analysis using BEM
For transient analysis, the body forces acting on the body are due to the acceleration field.
Thus, in matrix form can be expressed as
𝛼 = 𝜌E(ü), (3.24)
where E = F−1, and F is the matrix obtained from the functions 𝑓𝑚𝑖𝑘 in Equation (3.12). Rewritting
Equation (3.22) as
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Hu − Gt = 𝜌[HÛ − GT̂]Eü, (3.25)




E, the final dynamic system is obtained
𝜌Vü + Hu = Gt, (3.26)
where the mass matrix is M = 𝜌V. In this case, direct step by step integration process is
used (DOMINGUEZ, 1993). It is based on two ideas: (1) the system of equations is satisfied only at
discrete time intervals ∆𝜏 , and (2) a certain variation of the displacements, velocities, and acceler-
ations is assumed within each time interval ∆𝜏 . To obtain the solution at 𝜏 + ∆𝜏 , the displacement
is derived in accordance with the Houbolt integration approach (HOUBOLT, 1950). Thereby, Equa-
tion (3.26) can be written at the instant 𝜏 + ∆𝜏 as
Mü𝜏+Δ𝜏 + Hu𝜏+Δ𝜏 = Gt𝜏+Δ𝜏 , (3.27)
In Equation (3.27), the total period 𝑡 is divided into 𝑛 equal time intervals. The acceleration at




(2u𝜏+Δ𝜏 − 5u𝜏 + 4u𝜏−Δ𝜏 − u𝜏−2Δ𝜏 ), (3.28)
Figure 3.3 shows the last three positions of a node. This is an illustrative example to implement the
Houbolt algorithm.
Figure 3.3: Nodal displacement for three consecutive time steps
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u𝜏+Δ𝜏 = Gt𝜏+Δ𝜏 +
1
∆𝜏 2
M(5u𝜏 − 4u𝜏−Δ𝜏 + u𝜏−2Δ𝜏 ), (3.29)
The Houbolt integration algorithm is frequently used in conjunction with the
DRM (ALBUQUERQUE ET AL.; DOMINGUEZ; GALVIS AND SOLLERO, 2002; 1993; 2016).
3.4 Fundamental solutions
The fundamental solutions are evaluated for a source point, which is located at the origin
of a specific coordinate system. It represents the response due to an unit source of energy that
is generated at the position ’D’ (ALIABADI; KANE, 2002; 1994). Figure 3.4a shows the process
to evaluate the fundamental solutions when the source and field points are localized at different
positions, and Figure 3.4b shows when the points are at the same position.
Figure 3.4: Source and field points located at: a) different positions, b) the same position
The strategy to evaluate the fundamental solutions when the source point is located precisely
at the field point is to imagine that a small circular bump lies on the surface. Regarding the aim
of this work, both isotropic and anisotropic solutions are applied at the macro and micro scales,
respectively. The aforementioned solutions are described in the following section.
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3.4.1 Isotropic fundamental solutions
The displacement and traction fundamental solutions for two-dimensional problem that are



















[(1 − 2𝜈)𝛿𝑖𝑗 + 2𝑟,𝑖𝑟,𝑗] − (1 − 2𝜈)(𝑟,𝑖𝑛,𝑗 − 𝑟,𝑗𝑛,𝑖)
}︃
, (3.31)
where 𝐷 and 𝑥 are the source and field points, respectively. The term 𝜈 represents the Poisson’s
coefficient, and 𝜇 is the shear modulus of elasticity. The variable 𝑟 is the radial distance between
nodal points, and 𝛿 is the Kronecker delta.
The displacement fundamental solution listed above contains a logarithmic function. The ex-
istence of this term may lead to a non-uniqueness of the solution. Generally, this difficulty can be
avoided by normalizing the distance 𝑟 within the logarithmic term. This normalization procedure
only a rigid body displacement and it does not affect the solution (ALIABADI, 2002). Alterna-
tively, Dumont (1998) proposed an enhanced method for dealing with this type of fundamental
solutions.
3.4.2 Anisotropic fundamental solutions
The anisotropic fundamental solutions for the two-dimensional problem that are used at the
microscale, are obtained using the complex stress approach described by Aliabadi (2002). The







in a complex plane with 𝑘 = 1,2 and a field point defined by


































𝑘 + 𝑆12 − 𝑆16𝜇𝑘








The complex coefficients 𝐴𝑗𝑘 are obtained from the requirements of a unit load at 𝑧
′
𝑘 and
displacement continuity for the fundamental solution, by the linear system:
⎡⎢⎢⎢⎢⎣
1 −1 1 −1
𝜇1 −𝜇1 𝜇2 −𝜇2
𝑝11 −𝑝11 𝑝12 −𝑝12














where 𝜇𝑘 are the roots of the characteristic equation:
𝑆11𝜇
4 − 2𝑆16𝜇3 + (2𝑆12 + 𝑆66)𝜇2 − 2𝑆26𝜇 + 𝑆22 = 0, (3.38)
The roots are always complex or pure imaginary. The following section describes how the
vector 𝐴 is obtained using the compliance tensor 𝑆𝑖𝑗𝑘𝑙, by knowing that 𝑆𝑖𝑗𝑘𝑙 = 𝑖𝑛𝑣(𝐶𝑖𝑗𝑘𝑙).
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3.5 Crystallography and Multidomain Formulation
If a metallic material is assessed at the microscale, polycrystalline structures are observed.
These structures are known as grains and the Figure 3.5 illustrates an example.
Figure 3.5: Micrography of a polycrystalline stainless steal. The Figure is taken from Askeland
et al. (2011)
At the macroscale, a metallic material is assumed as a homogenous body. In this scale, the
modeling is developed using isotropic properties. By contrast, modeling such material at the mi-
croscale requires the analysis of polycrystalline aggregate structures, and as a consequence, the
anisotropic formulation must be implemented. In addition, the multizone framework must be ap-
plied due to the large number of grains to be modelled. On the other hand, standard methods are
presented in the literature to normalize the number of grains that are contained within a polycrys-
talline area of 1.0 mm2. The American Society for Testing and Materials (ASTM) specified the
average number of grains for metallic materials (E1382-97, 2015). According to them, iron at
room temperature, whose properties are used in this work, contains around 2000 to 5000 grains per
square millimeter.
Regarding the implementation of the fundamental anisotropic solutions, the constitutive ten-
sor 𝐶𝑖𝑗𝑘𝑙 must be evaluated. A linear anisotropic material can have as many as 21 constants, see
Equation (2.10). This number is reduced when the material shows a certain symmetry in relation
to a coordinate system and further to the lattice structure. This work consideres the BCC lattice to
evaluate the mechanical response of a metallic material. The Figure 3.6 illustrates a BCC lattice
structure that contains three independent constant due to planes of symmetry.
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Figure 3.6: Lattice structure, body-centered cubic (BCC)
The number of elastic constants due to the symmetry of a BCC lattice are three: 𝐶11, 𝐶12, 𝐶44.
𝐶 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝐶11 𝐶12 𝐶12 0 0 0
𝐶12 𝐶11 𝐶12 0 0 0
𝐶12 𝐶12 𝐶11 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶44 0
0 0 0 0 0 𝐶44
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.39)
Now, it is necessary to consider more than one region to model polycrystalline structures.
The multizone formulation is a straightforward extension of the BEM previously described.
Figure 3.7 illustrates two news subregions with boundaries Γ𝑖, Γ𝑗 , and the interface 𝐼 .
Figure 3.7: Multizone implementation
Consequently, new variables are included:
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u𝑖, t𝑖 - Nodal displacements and tractions at the boundary Γ𝑖.
u𝑖𝐼 , t𝑖𝐼 - Nodal displacements and tractions at the interface Γ𝑖𝐼 .
u𝑗, t𝑗 - Nodal displacements and tractions at the boundary Γ𝑗 .
u𝑗𝐼 , t
𝑗
𝐼 - Nodal displacements and tractions at the interface Γ
𝑗
𝐼 .






































Several algorithms to assembly and to apply the boundary conditions to Equation (3.40) and
Equation (3.41) can be found in the literature. In this work, it is used the algorithm proposed
by Kane (1994). In order to establish the system of equations, the displacement compatibility
u𝑗𝑖 = u𝑖𝑗 and traction equilibrium t
𝑗
𝑖 = t𝑖𝑗 at the interfaces between 𝑖th and 𝑗th regions must be
applied (GALVIS ET AL., 2018a). Therefore, the system of equations after the application of the
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where A𝑖, B𝑖, and M𝑖 belong to the boundary of the polycrystalline material; A𝑖, B𝑖 are the blocks
corresponding to H𝑗𝑖 and G
𝑗
𝑖 respectively, where the load conditions are applied. The blocks H
𝑗
𝑖 ,
and G𝑗𝑖 are the interfaces between 𝑖th and 𝑗th grains. Vector x𝑖 represent all the traction and dis-
placement unknowns to be evaluated with the elements corresponding to the boundaries and k𝑏𝑐𝑖 are
known boundary conditions applied respectively at the instant 𝜏 + ∆𝜏 . At the interfaces, displace-
ments u𝑗𝑖 and traction t
𝑗
𝑖 are evaluated. The last three step displacement responses are defined as u𝛼𝑖,
u𝛼𝑗 for the block belonging to the boundaries and u𝑗𝛼𝑖 for the interfaces. Regarding the RAM and
computational processing, this research uses a treatment for the sparse matrix previously developed
by Galvis et al. (2018b).
3.5.1 Polycrystalline generation
In this work, the polycrystalline generator algorithm of Voronoi diagram is used (OKABE
ET AL., 2009). This algorithm considers points 𝑃 = {𝑝1,𝑝2,...,𝑝𝑛} ⊂ R bounded by a prescribed
region Ω and created by a random point generator of an uniform distribution; 𝑛 represents a finite
number of points in the space, where 2 < 𝑛 < ∞, and x𝑖 ̸= x𝑗 for 𝑖 ̸= 𝑗, 𝑖,𝑗 ∈ 𝐼𝑛, where
𝐼𝑛 = {1,2,...,𝑛} is a set of integers (SFANTOS AND ALIABADI, 2007). The Voronoi diagram
defined by the space Ω is given by the following expression:
𝑉 ∩ Ω = {𝑉(𝑝1) ∩ Ω, 𝑉(𝑝2) ∩ Ω,...,𝑉(𝑝𝑛) ∩ Ω}, (3.43)
where 𝑉(𝑝𝑖) denotes each convex polygon that represents the grains. Every point has exactly one
generated point 𝑝𝑖, and each point over the polygon is closer to its generated point than any other
point outside the polygon.
𝑉(𝑝𝑖) = {‖ x − x𝑖 ≤ x − x𝑗 ‖}, (3.44)
where x and x𝑖 are the generated point and a point belonging to polygon 𝑝𝑖 respectively, and x𝑗 is a
point of another polygon 𝑝𝑗 . In addition, each grain presents an unique lattice orientation.
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4 Multiscale method to couple the micro and the atomistic scales
It is well known that heterogeneous materials are composed of many crystals with random
orientations at the microscale. In order to model the intergranular failure of polycrystalline ma-
terials, this chapter presents the multiscale implementation to couple the micro domain with the
atomistic domain. This process is developed at the interfaces of grains, and it is based on the mul-
tiscale cohesive zone model (MCZM). Furthermore, the EAM potential is described in order to
analyze the interatomic force at atomistic scale.
4.1 Cohesive interface elements
Polycrystalline materials are modeled in the bulk medium with elastic anisotropic properties.
However, at the interfaces of the grains, high non-homogeneous deformations occur. In order to
approximate this computation, Hill (1972) proposed a homogenization technique to capture this
information. It is based on cohesive interface elements (CIEs) where it is evaluated deformation
gradients and the strain energy density. These elements are modeled as finite volume and Figure 4.1
illustrates the concept.
Figure 4.1: Cohesive Interface Elements (CIE)
The number of CIEs corresponds to the number of elements that the surface of grain contains.
Moreover, the CIE present the average elastic properties 𝛼𝐴𝐵 of the two adjacent grains and the
discretization presents compatibility with the nodes localized at the grain boundary. Figure 4.2
illustrate the process.
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Figure 4.2: Average elastic property and boundary discretization for a CIE
Modeling the interfaces of grains with CIEs, and computing the respective strain when a load
is being applied, it is possible to transfer this information to an atomic arrangement. It represents
a straightforward approximation, and it can be visualized in Figure 4.3. This process is similarly
used by Li and Wang (2008).
Figure 4.3: Atomic arrangement at the interfaces
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4.2 Homogenization technique
The homogenized effective properties are computed from the transient BEM response on the
surfaces of the CIEs. In the deformed configuration, the displacement and traction fields are known
for all nodes of the CIE. Therefore, the homogenized deformation gradient ⟨F𝑐⟩ in the CIE domain






where the superscript 𝑐 refers to CIE, and | Ω𝑐 | represents the area. From continuum mechanics,
the deformation gradient can be expressed as











After applying the divergence theorem, the transformation of the domain integral of Equa-
tion (4.3) into a boundary integral is carried out as




u⊗ n dΓc, (4.4)
where Γ𝑐 is the surface of the cohesive element and n is the outward normal vector. In order to ob-
tain a better sensibility of deformation, Lyu et al. (2016) introduced the use of a second deformation












∇u⊗ n dΓc, (4.6)
Figure 4.4 shows two states of CIEs: an undeformed condition and a deformed condition.
Thus, the two-gradients are evaluated in order to quantify the strain energy of the CIEs.
Figure 4.4: Deformation of the CIEs
Moreover, it is necessary to introduce two new local coordinates r and s, due to the CIEs are
not aligned with the global coordinate system, see Figure 4.5. The variables X and u represent the
nodal position before and after the deformation.
4.3 Second-order Cauchy-Born rule
The Cauchy-Born rule (CBR) (ERICKSEN, 1984), is an effective technique to transfer the
strain energy to an atomistic system. By using this rule, it is possible to describe the radial position




Figure 4.5: Global and local coordinate systems for the CIEs.
where 𝑟𝑖 is the deformed vector and 𝑅𝑖 is the reference vector. The Equation (4.7) refers to the
first-order CBR. Figure 4.6 shows the deformation of a lattice structure after a strain energy is
applied.
Figure 4.6: Cauchy-Born rule
Nonetheless, the Equation (4.7) is insufficient to describe the kinematics for the case of inho-
mogeneous deformations (CHANDRASEKER ET AL.; SUNYK AND STEINMANN, 2006; 2003). To





∇F𝑐(X) : (R𝑖 ⊗R𝑖), (4.8)
where ( : ) expresses the product of a third-order tensor with a second-order tensor. The result is
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a tensor of the first order. The symbol (⊗) denotes the standard tensor product. Moreover, the
extended CBR can be expressed in terms of the homogenized deformation gradients as
r𝑖 = ⟨F𝑐⟩ ·R𝑖 +
1
2
⟨G𝑐⟩ : (R𝑖 ⊗R𝑖) (4.9)
By using the Equation (4.9), it is possible to map the strain energy from a CIE to a lattice
structure. It results in a drastic reduction but it allows to couple the continuum modeling using
BEM with a discrete representation using radial atomistic positions.
4.4 Atomistic force inside the CIE
The multiscale theory to couple the micro and atomistic domains considers the calculation of
a radial vector, see (4.9). In order to evaluate the change of energy due to radial atomic positions,
and as a consequence, the breaking of atomic bonds, interatomic-potential functions are used. Pair
potential functions can be found from the literature such as Lennard-Jones potential, Morse poten-
tial or the van der Waals potential (GRIEBEL ET AL., 2007). These potentials are used to compute
simple interactions between atoms or particles. However, in pair potentials, atomistic bonds are
treated independently from each other, which is an approximation with the advantage of simple ex-
pressions. To simulate metallic materials it is not recommended to use only pair potential relations,
due to the inaccurate consideration of additional physical effects. For an application that needs
more complex potentials, many-body potentials have been proposed. Dai et al. (2006) proposed a














(𝑟 − 𝑐)2(𝑐0 + 𝑐1𝑟 + 𝑐2𝑟2 + 𝑐3𝑟3 + 𝑐4𝑟4), 𝑟 ≤ 𝑐
0, 𝑟 > 𝑐
}︃
(4.11)
where 𝑐 is a cut-off parameter assumed to lie between the second and third neighbor atoms.
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𝑐0, 𝑐1, 𝑐2, 𝑐3, 𝑐4 are the potential parameters to be fitted. The second term in (4.10) is the 𝑛-body
term. Based on a second-moment approximation to the tight-binding density of states, the embed-




where, according to the linear superposition approximation, the host electron density 𝜌𝑖 can be





Subsequently, the electronic density function is expressed by
𝜑(𝑟) =
{︃
(𝑟 − 𝑑)2 + 𝐵2(𝑟 − 𝑑)4, 𝑟 ≤ 𝑑
0, 𝑟 > 𝑑
}︃
(4.14)
where the term 𝑑 is also assumed to lie between the second and third neighbor atoms. Figuere 4.7
describe the second and third neighbor atoms for a BCC structure.
Figure 4.7: EAM potential levels for a BCC lattice.
4.5 Failure criterion
In this multiscale approach, the atomistic homogenized scale is coupled by the cohesive
forces computed from the atomic scale. The high non-homogeneous deformations are taking into
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account by the second-order CBR and the evaluation techniques of the homogenization gradients
are described in previous section. The strain energy density per unit volume is evaluated from the
atomistic scale to be replaced in the microscale (SUNYK AND STEINMANN, 2003) to characterize
the failure through the formulation presented by Fan and Li (FAN AND LI, 2015) using homoge-
nized fields. From the total potential energy described by Equation (4.13), the strain energy density










where Ω𝑐𝑜 is the area of the unit cell in the reference configuration, 𝑛𝑐 is the number of bonds,
𝑟𝑖 =| r𝑖 | is the current bond length in a unit cell, and the 1/2 factor is due to the pair wise potential











⟨G𝑐⟩ : (R𝑖 ⊗R𝑖)
⃒⃒⃒⃒)︂
= 𝑊 𝑐(⟨F𝑐⟩,⟨G𝑐⟩), (4.16)
By using the strain energy function, the constitutive relations for the bulk medium can be




























The term P𝑐 is a second-order tensor and Q𝑐 is a third-order tensor. Ir order to compute the energy
force to reach the breaking of interatomic bonds, it is defined the cohesive traction T𝑐 as
T𝑐 = (P𝑐 −∇ ·Q𝑐) · n (4.19)
The cohesive traction reproduces the higher-order interface cohesive law that is characterized by
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the type of potential function. A cut-off radius T𝑐𝑢𝑡𝑜𝑓𝑓 can be established from the relative position
of pair atoms as
T𝑐𝑢𝑡−𝑜𝑓𝑓 = 𝑓(𝑟𝑐𝑢𝑡−𝑜𝑓𝑓 ), (4.20)
where 𝑟𝑐𝑢𝑡−𝑜𝑓𝑓 is the distance up from which does not exist interatomic attraction force. Figure 4.8
shows the total energy and force evaluated for iron (BCC) using the EAM potential.























Figure 4.8: Total energy for iron using EAM potential
Consequently, the failure criterion can be defined as
T𝑐 > T𝑐𝑢𝑡𝑜𝑓𝑓 (4.21)
The failure occurs when the condition presented in Equation 4.21 is reached for each CIE,
causing a progressive failure at the interfaces.
4.6 Multiscale computational code
The flowchart of the computational code is shown in Figure 4.9. The diagram illustrates
the implementation for the three scales analyzed in this work. At the macro-scale, the isotropic
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properties, boundary conditions, and the time-integration parameters are fitted. Subsequently,
the BEM matrices are evaluated and the Houbolt algorithm is implemented. Then, the results of
specified internal points are stored in the interval of 𝑡𝑀𝑖 and 𝑡𝑀𝑓 .
Figure 4.9: Flowchart of the multiscale process
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After implementing the macroscale analysis, the stored displacement field is used as pre-
scribed boundary conditions at the microscale analysis.Here, the anisotropic elastic properties and
time-integration parameters are fitted. At this step, deformation gradients are computed in order to
obtain the strain energy at the interface of grains. Thereby, it is possible to involve the atomistic
scale using the energy force described by Equation (4.21). Finally, a pre-crack is propagated until
it reached the number of specified time steps.
In the context of the macro-micro transition, this work intends to consider all the requirements
to treat an enhanced multiscale approach. The internal points are evaluated from the macroscale to
obtain the dynamic displacement response. Subsequently, the microstructure is conditioned by the
macro results as prescribed boundary conditions. Owing to the larger number of regions to be
evaluated, the critical sections of the BEM code are parallelized. This work is based on a Fortran-
OpenMP platform in order to analyze a large number of degrees of freedom. The sections to be par-
allelized correspond to the computation of BEM matrices at the microscale and the solver of the lin-
ear system of equations. The solution to this system is carried out using the Pardiso solver (PETRA
ET AL.; PETRA ET AL., 2014b; 2014a).
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5 Macro and Micro Simulation Tests
This section presents the BEM implementation at the macro and the micro scales. First,
macroscale tests are presented using the isotropic formulation. These tests provide information
for computing of the influence matrices and the displacement response at the transient analysis.
Subsequently, microscale tests are described using anisotropic formulation. Each test is confronted
with a reference solution in order to verify the accuracy of the BEM implementation. Finally, the
transient displacement obtained from the macroscopic results is evaluated as prescribed boundary
conditions at the microscale.
5.1 Macroscopic simulations
This scale corresponds to the largest domain of heterogeneous materials, which is not affected
by specific discontinuities. The macroscopic analysis of a 2D material begins with the discretization
of the problem. Figure 5.1 illustrates the mesh generation for a body where three-node isoparamet-
ric elements are used to model the boundary Γ.
Figure 5.1: Boundary discretization at the macroscale
where W and L are the width and length of the body, respectively. Within the element (e), the trac-
tion t(e) and displacement u(e) are interpolated using linear shape functions [𝜑]. The fundamental so-
lutions used during the BEM implementation are described in Equation (3.30), and Equation (3.31).
In order to verify the accuracy of the mass matrix computation M, which is used in the transient
analysis, an initial test is provided. This test corresponds to a macroscopic body for which the only
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acting load is the own weight. The parameters used are listed in Table 5.1.
Table 5.1: Macro-simulation parameters: test by the own weight
Parameter Value Parameter Value
L [m] 4.0 𝜌 [kg/m3] 1.0
W [m] 2.0 𝜈 0.3
E [Pa] 1.0
It is assumed that on each cross-section of the body has an uniform tension produced by the
weight of its lower portion. If 𝜌𝑔 is the weight per unit volume of the body, the boundary conditions
give zero stresses for the lower end, and for the upper end, the uniformly distributed tensile stress
results. Figure 5.2 a) shows the boundary condition for the body.
Figure 5.2: Body stretched by its own weight
After implementing the simulation and using the Dual Reciprocity Method described in Equa-
tion (3.12), The displacement response for a point ‘v’ located at the center of the lowest surface
is visualized in Figure 5.2 b). This test is developed by changing the acceleration 𝑔 in the range
[0.0 − 1.0] m/s2. The nodal displacement is compared to the reference solution developed by Tim-
oshenko (1970). Consequently, the following test presents the transient analysis at the macroscale
63
using the Houboult integration algorithm (HOUBOLT, 1950), see Equation (3.29). The parameters
associated with the size, elasticity and time integration are listed in Table 5.2.
Table 5.2: Macro-simulation parameters: dynamic test 1
Parameter Value Parameter Value
L [mm] 200.0 𝜈 0.0
W [mm] 50.0 𝜎 [Pa] 100.0
E [GPa] 210.4 ∆𝜏 [s] 6.4 x 10−7
𝜌 [kg/m3] 7874.0
By applying a step load on the upper surface, while the lower surface is constrained, the




















Figure 5.3: Transient nodal displacement for 𝜈 = 0
The Figure 5.3 b) illustrates the displacement wave for a node located at the center of the
body. The reference solution used to compare this result is developed by Clough and Penzien
(1995). The displacement is measured in the y-direction and it represents the wave of displace-
ments of this non-damped model under a dynamic high-rate step load.
Though the reference solution developed by Clough and Penzien (1995) is an approximate
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response for a continuum body, the effect of Poisson’s ratio is not included. For the purpose of this
work, a transient test involving the mentioned parameter is developed. The data used are listed in
Table 5.3.
Table 5.3: Macro-simulation parameters: dynamic test 2
Parameter Value Parameter Value
L [mm] 200.0 𝜈 0.29
W [mm] 50.0 𝜎 [Pa] 100.0
E [GPa] 210.4 ∆𝜏 [s] 6.4 x 10−7
𝜌 [kg/m3] 7874.0
Furthermore, the displacement wave is not only evaluated for a central node but it is also













Figure 5.4: Transient nodal displacement for 𝜈 = 0.29
The previous results are stored to be used throughout the transition analysis between the
macro and micro scales.
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From the point of view of polycrystalline materials, it is necessary to evaluate multiple re-
gions. To verify the accuracy of the mass matrix computation, which is used in Equation (3.42), the
following test is developed. This test assesses the behavior of a body for wich the only applied load
its the own weight. The simulation data are summarized in Table 5.4.
Table 5.4: Macro-simulation parameters: multiregion test by the own weight
Parameter Value Parameter Value
L [m] 20.0 𝜌 [kg/m3] 1.0
W [m] 10.0 𝜈 0.1
E [Pa] 195.0
If 𝜌𝑔 is the weight per unit volume of the body, the boundary conditions give zero stresses for
the lower end, and for the upper end, the uniformly distributed tensile stress results. Figure 5.5 a)
shows the boundary condition for the multi-domain body.





























Figure 5.5: Multi region body stretched by its own weight
The Figure 5.5 b) provides information about the nodal displacement for a point ‘v’ located
at the center of the lowest surface. The test is developed by changing the acceleration 𝑔 in the




It is known that macroscopic problems are commonly modeled as isotropic bodies due to
overall homogenized effects. In contrast, polycrystalline structures are found when the material is
analyzed at the microscale, and as a consequence, an anisotropic approach must be implemented. In
this scale, the algorithm of Voronoi is widely used to reproduce the crystal morphologies (OKABE
ET AL., 2009). As an example, Figure 5.6 illustrates the generation of several polycrystalline






Figure 5.6: Polycrystalline structures using Voronoi tesselation
The purpose of this work is not only to analyze a macro and micro transition, but also to
enhance the number of regions to be modeled. Table 5.5 summarizes the information of different
number of grains within an area of 1.0 mm2.
Table 5.5: Grain morphology
N. Grains Average area Grain size
x10−3 [mm2] Max-area x10−3 [mm2] Min-area x10−3 [mm2]
50 20.000 51.543 3.860
300 3.333 7.767 1.376
500 1.996 6.828 0.760
1000 0.999 2.028 0.413
3000 0.333 0.910 0.132
The area of a single grain varies from 20.00x10−3 mm2 for 50 grains to 0.33x10−3 mm2
for 3000 grains. These numbers of grains correspond to the grain size G3.0 and G12.0 given by
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ASTM E1382-97 (2015). The Figure 5.7 provides information of the grain size distribution for a
polycrystalline material of 1000 grains.
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Figure 5.7: Grain size distribution
In this scale, the number of equations to be solved increases with the number of grains. Fur-
thermore, it is useful to model each grain as a continuum body, applying displacement compatibility
and traction equilibrium at the grain interfaces, see Equation (3.40), and Equation (3.41). Regarding
the mesh generation, the boundary discretization just lies on the boundary of the grains. Figure 5.8
illustrates the mesh generation for a polycrystalline structure where three-node isoparametric ele-
ments are used to represent the domain.
Figure 5.8: Boundary discretization for a polycrystalline material
In contrast to the macroscale, the nodes of the element (e) are located inside the limits of the
element. This implementation avoids the singular approximation among nodes of adjacent grains.
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The following test presents the transient response of a polycrystalline material due to a step
load. The elastic properties of iron are used, whose constants are available in Kiewel et al. (1996).
Thereby, the symmetry of the stiffness tensor depends on the BCC lattice (see Equation (3.39)).
Table 5.6 summarizes the data used in the simulation.
Table 5.6: Micro-simulation parameters: dynamic test 1
Parameter Value Parameter Value
𝐶11[GPa] 230.0 ∆𝑡 [s] 3.8 x 10−8
𝐶12[GPa] 135.0 N. Grains 200
𝐶44[GPa] 117.0 N. Elements 10764
𝜎 [Pa] 1.0 N. Nodes 32292
After applying the traction on the upper surface, while the lower surface is constrained, the
transient displacement for a central node is evaluated and it is visualized in Figure 5.9.


















Figure 5.9: Transient nodal displacement by a step load
The Figure 5.9 illustrates the displacement for a node located at the center of the polycrys-
talline domain. It is possible to compare this model using the effective macroscopic Young’s mod-
ulus of iron into the analytical solution described by Clough and Penzien (1995). The convergence
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of the properties of the polycrystalline material to the isotropic constitutive behavior is presented
by Galvis et al. (2018a). In addition, a similar process is developed to obtain the wave of displace-
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Figure 5.10: Transient nodal displacement by a ramp load
The reference solution observed in Figure 5.10 is developed by Galvis et al. (2018b). In order
to analyze the transient displacement wave in polycrystalline materials, several simulations varying
the number of grains inside the same domain are presented in Figure 5.11. The measurements are
developed using the elastic parameters listed in Table 5.6. Consequently, Table 5.7 summarizes the
information of the boundary discretization.
Table 5.7: Information about grain discretization






It is observed in Figure 5.11 that is possible to treat a greater number of grains and the tran-
sient analysis still converges satisfactorily. This results describes the change of displacements from
the upper surface. Consequently, the perturbation, which is caused by the step load, is propagated
inside the solid until achieving the maximum displacement value. Thereby, the wave is reflected
































Figure 5.11: Displacement wave for a polycrystalline material. The results correspond to four dif-
ferent numbers of grains: a) 50 grains, b) 500 grains, c) 1000 grains, d) 3000 grains. The figure
shows the distribution of the 𝑦 component measures in nm
Continuing with the dynamic analysis at the microscale, the following test described the
transition response from the macro to the microscale using prescribed boundary conditions. This
approach is based on internal points evaluated at the macroscale, see Figure 5.4 a). The simulation
time is fifted in the range 36.0 ns and 38.4 ns of the data registered from the macroscale (see Fig-
71
ure 5.4 b). A polycrystalline structure of 3000 grains is conditioned with the prescribed boundary
conditions at the upper and the lower surface. The displacement wave for a central node inside the







Figure 5.12: Transient nodal displacement due to prescribed conditions
The partial region shown in Figure 5.12 represents an area of 1 mm2. The two curves il-
lustrated in blue and red represent the influence of the displacements if they are analyzed at the
macroscale, taken from Figure 5.4. The prescribed conditions are represented as a ramp load since
it is the behavior at the specified simulation time, from the macroscale. The displacement in the x-
direction is not taken into consideration because the results are lower than 0.1%. It is observed that
the displacement of the internal point oscillates around the displacement field imposed. To achieve
this result, it is necessary to reduce significantly the time step to 1.0 ns. The number of time steps
used in this simulation are 120.
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6 Failure Simulations
The multiscale cohesive zone model (MCZM) is applied in order to simulate the crack prop-
agation at the microscale. This work considers the EAM potential to evaluate from the lattice con-
stitutive structure the energy to disrupt an atomic essential arrangement. Then, from this atomistic
approach, the information is transferred using the Cauchy-Born rule to analyze the cut off radius
and to remove the cohesive zone elements. Several simulation tests are presented in this chapter,
each one varying the number of grains that are contained in the same domain.
6.1 Intergranular crack propagation
The Figure 6.1 illustrates a polycrystalline structure with prescribed boundary conditions.
These conditions represent the displacement response, which is obtained in the macroscale analysis,
see Figure 5.12. In order to reproduce a failure, a pre-crack is created in the left middle part of the
polycrystalline domain.
Figure 6.1: Boundary prescribed conditions for a polycrystalline domain
The cohesive interface elements (CIEs) are constructed between grains (see Figure 4.1).
These elements require to be modeled as new regions. Thus, the total number of regions to be
74
evaluated corresponding to the number of grains and the CIES. The simulations are developed
using iron elastic properties, and the constants are listed in Table 6.1.





The formulation to evaluate the potential energy of the lattice structure is described in Equa-
tion (4.10). The parameters associated with iron are developed by Dai et al. (2006). These constants
are summarized in Table 6.2.























The process to propagate an intergranular crack begins with the strain energy evaluated in the
CIE and transferred to a BCC arrangement using the Cauchy-Born rule (Equation (4.9)). Then, the
energy of the lattice structure is disrupted due to the change of atomic radius. Thereby, the cohesive
traction (Equation (4.19)) is evaluated in order to determine which CIE will be removed.
Several tests are illustrated from Figure 6.2 to Figure 6.5 in order to present the displacement
wave in the y-direction and the crack path evolution. At the beginning of simulation is shown that
the crack propagates horizontally, and then bifurcates due to perturbation of the displacement wave
reflected from the boundary conditions. In order to compare each test and to observe the crack
propagation, it is necessary to increase the number of time steps for each simulation.
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6.2 Failure simulation: 30 Grains
00.0 11.0 22.0 34.0 44.7
v [m]
Figure 6.2: Transient nodal displacement, measurements in 𝑦-direction- 30 Grains
Table 6.3: Simulation parameters: 30 Grains
Parameter Value
Number of interfaces (CIEs) 204
Number of elements 1448
Number of nodes 4359
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6.3 Failure simulation: 50 Grains
6.6e-7 1.3e-6 2e-6 2.6e-6 3.3e-6 3.9e-60.000e+00 4.586e-06
00.0 06.6 13.0 20.0 26.0 33.0 39.0 45.8
v [m]
Figure 6.3: Transient nodal displacement, measurements in 𝑦-direction-50 Grains
Table 6.4: Simulation parameters: 50 Grains
Parameter Value
Number of interfaces (CIEs) 363
Number of elements 2532
Number of nodes 7596
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6.4 Failure simulation: 200 Grains
6.6e-7 1.3e-6 2e-6 2.6e-6 3.3e-6 3.9e-60.000e+00 4.586e-06.0 0 .6 1 .0 0.0 2 .0 33.0 3 .0 45.8
v [m]
Figure 6.4: Transient nodal displacement, measurements in 𝑦-direction-200 Grains
Table 6.5: Simulation parameters: 200 Grains
Parameter Value
Number of interfaces (CIEs) 1686
Number of elements 11420
Number of nodes 34260
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6.5 Failure simulation: 500 Grains
1.8e-6 3.5e-6 5.3e-6 7e-6 8.8e-6 1.1e-50.000e+00 1.230e-050 .0 1 .0 5.0 53.0 79.076.0 80.10 88.0
v [m]
Figure 6.5: Transient nodal displacement, measurements in 𝑦-direction-500 Grains
Table 6.6: Simulation parameters: 500 Grains
Parameter Value
Number of interfaces (CIEs) 4457
Number of elements 29935
Number of nodes 89805
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6.6 Failure simulation: 1000 Grains
3.7e-8 7.4e-8 1.1e-7 1.5e-7 1.8e-7 2.2e-70.000e+00 2.576e-07.0 18.0 35.0 53.0 79.076.0 80.10 88.0
v [m]
Figure 6.6: Transient nodal displacement, measurements in 𝑦-direction-1000 Grains
Table 6.7: Simulation parameters: 1000 Grains
Parameter Value
Number of interfaces (CIEs) 9034
Number of elements 60438
Number of nodes 181314
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7 Conclusions
This work was based on a dynamic analysis of heterogeneous materials from the macroscopic
to the atomistic scale. To model both macro and micro domains, the BEM transient approach was
used. At the interfaces of grains and to propagate an intergranular failure from the atomistic scale,
the MCZM was developed. This work highlighted the understanding of heterogeneous materials
from the point of view of the atomistic essential arrangement.
At the beginning, a state-of-the-art of multiscale analysis for polycrystalline materials was
presented. It included a review of computational implementations and several works developed
to model atomistic behaviors. The constitutive and equilibrium equations for elastic materials have
been briefly reviewed in the first two chapters. In order to provide the basis of BEM for the dynamic
analyses, the basic background was presented in the subsequent chapters. Furthermore, the MCZM
was described in the fourth chapter. Finally, the results were shown.
It was applied to macro and micro domains the BEM. The analysis considered isotropic
and anisotropic formulations at the macro and micro scales, respectively. One of the significant
advantages of using this computational technique is the mesh discretization, which just lies on
the boundaries. It allows treating problems with a high number of gradients. Due to the general
assembly at the microscale is highly sparsity, a reduction was developed storing only the non-zero
entries. This approach decreased the computation time of the BEM solution.
In order to verify the results, the simulations were compared to reference solutions found in
the literature, showing good agreement. On the other hand, the BEM presents the possibility to
fit boundary prescribed conditions as displacement entries. It allowed transferring the information
obtained from the macroscale to boundary conditions at the microscale. Furthermore, it represented
a new way to transfer dynamic macro information to small regions.
In reference to the modeling of intergranular regions between grains, the MCZM was used.
After using this methodology, the strain information of these zones (CIEs)was computed. Then,
using the Couchy-Born rule was possible to transfer the information to disrupt an essential lattice
structure. In addition, the EAM potential was used in order to compute the required energy to break
the atomistic bonds. Thereby, from a traction criterion, the CIEs were removed in order to propagate
an intergranular crack.
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In this study, the computational code was implemented in Fortran 90, using the GNU com-
piler gfortran. The multiprocessor parallelization of the code was accomplished using the OpenMP
interface. The visualization curves were obtained using PARAVIEW and MATLAB. Moreover, the
simulations over 200 grains were carried out in the Kahuna cluster belonging to the Center for
Computational Engineering and Sciences at the University of Campinas.
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Resumo
O presente trabalho apresenta uma análise dinâmica 2D de transição multiescala para materi-
ais heterogêneos usando o Método dos Elementos de Contorno (BEM, da sigla em inglês). Devido
à mudança das propriedades elásticas da escala modelada, o comportamento isotrópico é consid-
erado na macroescala e o comportamento anisotrópico na microescala. A conectividade entre os
domínios de escalas é formulada com base em pontos internos desde a macroescala. Como resul-
tado, o campo de deslocamento é conhecido e é usado como uma condição de contorno prescrita
na microescala. A análise transitória implementa o Método de Reciprocidade Dual (DRM, da sigla
em inglês) para resolver o problema da não linearidade e da dependência do tempo. Além disso, o
algoritmo de Houbolt é usado como método de integração no tempo. Na microescala, a estrutura
policristalina é reproduzida usando o diagrama de Voronoi. Considerando a morfologia estocástica
em materiais heterogêneos, este modelo leva a uma orientação aleatória para cada grão. Poste-
riormente, as interfaces dos grãos são estudadas usando o Modelo de Zona Coesiva Multiescala
(MCZM, da sigla em inglês), o qual inclui uma aproximação da escala atomística, sendo mode-
lada com base no potencial EAM (embedded atom model, da sigla em inglês). A partir da ruptura
de ligações atômicas devido às forças interatômicas, as simulações de uma falha intergranular são
obtidas. Finalmente, testes de verificação são confrontados com soluções de referência para mostrar
a viabilidade desta metodologia de transição.
Palavras-chave: Materiais Heterogêneos; Análise Dinâmica; Método dos Elementos de Contorno;
Método da Zona Coesiva; Formulação Isotrópica e Anisotrópica.
Abstract
In this work, a multiscale 2D dynamic transition for heterogeneous materials is proposed
using the boundary element method (BEM). Owing to the change of elastic properties of the
modeled scale, the isotropic behavior is considered at the macroscale and the anisotropic behavior
at the microscale. The connectivity between scales is formulated based on internal points from the
macroscale. As a result, the displacement field is known, which is used as a prescribed boundary
condition at the microscale. The transient analysis is implemented by the dual reciprocity method
(DRM) to evaluate the non-linear and time-dependent problem. In addition, the Houbolt algorithm
is used as the time integration method. At the microscale, the polycrystalline aggregate is repro-
duced using Voronoi tessellation. This model contemplates the stochastic morphology and random
crystalline orientations for each grain. Subsequently, the interfaces of grains are studied using the
multiscale cohesive zone model (MCZM), and a consequence, the strain energy is transferred to
disrupt a homogenized atomistic arrangement. In order to describe the energy between atoms, the
embedded atom model (EAM) potential is used. Thereby, from the rupture of atomic bonds due to
the interatomic forces, simulations of intergranular failures are obtained. Finally, verification tests
are confronted with reference solutions in order to show the viability of this bridging methodology.
Keywords: Heterogeneous Materials; Dynamic Analysis; Boundary Element Method; Cohesive
Zone Model; Isotropic and Anisotropic Formulations.
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Nowadays, some of the primary goals of science and technology are to understand and con-
trol the behavior of materials at different space and time scales. The reason for that is because
the macroscopic domain is affected by microscopic discontinuities. These discontinuities limit the
strength, ductility, toughness, and endurance of a component. In view of the increasing need for
solving simulation problems and to achieve reliable results in engineering materials, the multiscale
analysis has emerged as one of the research area, which evaluates and connects the physical re-
sponse of materials in different scales under load conditions (FISH, 2010). This type of analysis is
determined by a hierarchy process and three categories can be distinguished. In the first category, a
high resolution is applied to a small part inside the macro-domain, in which particular details of the
morphology need to be solved (e.g. dislocations, cracks, etc.). In the second, one relies on a macro-
scopic description that has to be solved from an essential microscale analysis. In the third category,
parts of the macro-domain are fully resolved at the microscale, and other parts are probed at the
microscale only through the effective macroscopic response (MATOUŠ ET AL., 2017). These types
of multiscale analysis present a hierarchy process, and not only connect theories and experiments
but also is a feasible and non-expensive tool to be used in the laboratory (STEINHAUSER, 2017).
In order to establish a multiscale framework, the constitutive behavior of the material must be
considered at the different scales. The homogeneous properties are related to the macroscale, where
continuum theories can be used to model the mechanical response. In this scale, which is also called
coarse scale, the entire structure is governed by constitutive laws. Subsequently, the microscale,
for example in metallic materials, is characterized by anisotropic grains or microstructures that
affect the elastic properties of the body. These properties change according to the direction and
the random distribution of the grains. The continuum theory can be still used, but the simulation
time increases due to the multi-zone analysis. At the atomistic or fine scale, it is required to model
the atom-atom interactions, where potential functions must be applied. The potential energy for
the system is estimated using a number of different interactions, which are collectively known as
force fields (GOONEIE ET AL., 2017). On the other hand, there are fences to overcome when the
information is being transferred between scales. The first one is the continuum and classical models
used to approximate the geometry of the problem and then comes the computational cost (NGUYEN
ET AL., 2017). Figure 1.1 describes the range of space and time scales for a connecting rode,
component selected to represent a multiscale analysis.
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Figure 1.1: Hierarchy process of the multiscale analysis
Recently, research works of polycrystalline materials have been developed in order to ob-
tain the mechanical response in a multiscale framework. The extended finite element method
(XFEM) has been used in the work of Liu et al. (LIU ET AL., 2017) to study the influence of
micro defects on a macroscopic behavior under static boundary conditions. Similarly, it is observed
in (FU ET AL., 2016) the multiscale technique to simulate the behavior of heterogeneous materi-
als. The variational multiscale method (VMM) is another multiscale technique that has been used
to model crack propagation in polycrystalline structures (SUN AND SUNDARARAGHAVAN, 2016).
This method incorporates displacement discontinuities using enrichment functions to represent the
microscale, while a generalized finite element method (FEM) is used to model the macroscale. In
most of the works on multiscale analysis, the FEM is widely used (ERKMEN; SIMONE ET AL.;
MARKOVIC AND IBRAHIMBEGOVIC, 2013; 2006; 2004). Comparatively, numerical simulations
under multiscale transient analysis are developed by Qian and Li (QIAN AND LI, 2011), and Zeng
and Li (ZENG AND LI, 2010). The authors have studied the 2D polycrystalline morphologies to
determine the fracture process coupling MCZM and FEM. Usually, in these numerical techniques,
the mesh refinement at the microscale needs to be much higher. Owing to the high gradients and
internal force concentration of the structure over small regions, the BEM has been applied as an
alternative computational method for the multiscale analysis of heterogeneous materials. Sfantos
and Aliabadi (SFANTOS AND ALIABADI, 2007) introduced a 2D macro and micro analysis of poly-
crystalline materials under static loads. The authors considered the representative volume elements
(RVEs) to transfer the mechanical response between scales. However, in this type of transition, the
information is conditioned by the size of elements that are required to be much smaller than the
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microscale. Galvis and Sollero (GALVIS AND SOLLERO, 2016) presented a dynamic analysis of
2D polycrystalline materials coupling the BEM and MCZM, where the micro and the atomistic
scales were modeled.
The Boundary Element Method (BEM) is in general very convenient for solving physical
problems, especially those involving infinite or semi-infinite domains under stress concentration.
This is mainly due to the use of the so-called fundamental solution, which is an analytical
free-space solution of the governing differential equations for a source point excitation. The
BEM is also attractive due to the reduction in the dimensionality of the numerical problem.
In the case of two-dimensional problems, only the boundary of the total domain needs to be
discretized into elements. The mesh discretization of two different domains is illustrated in
Figure 1.2. At the microscale, it is useful to model each grain as a continuum body applying
displacement compatibility and traction equilibrium at the grain interfaces. Furthermore, the
polycrystalline structure can be generated using the Voronoi tessellation algorithm (OKABE
ET AL., 2009). This algorithm has been extensively used to represent the grain morphologies,
e.g. (ESPINOSA AND ZAVATTIERI; GHOSH AND LIU; GALVIS AND SOLLERO, 2003; 1995; 2016).
Figure 1.2: Mesh discretization of a macro and a micro domains using boundary elements
Regarding the BEM implementation, the use of Green’s functions is crucial in the direct
formulation. For the isotropic medium, it can be represented in relatively simple explicit forms. In
the case of the anisotropic medium, however, the Green’s function is significantly more complex.
Furthermore, the Boundary Integral Equation (BIE) for elastodynamics may contain domain
integrals. These integrals cannot be directly evaluated without destroying the notion of the BEM
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as a boundary solution technique and require a further transformation into boundary integrals.
Some methods for this integral transformation are available in the literature, such as the Fourier
expansions, the Galerkin vector technique, the multiple reciprocity method, the cell integration
method, the dual Reciprocity method (DRM) and the radial integration method (RIM), among
others. The DRM is basically a generalized way of constructing some particular solutions that are
used to solve non-linear and time-dependent problems (PARTRIDGE ET AL., 2012). There are a
few works that analyze elastodynamics problems in anisotropic materials using the BEM. Wang
et al. (1996) analyzed scattering of elastic waves due to a crack in an infinite bi-dimensional
anisotropic medium. Saez and Dominguez (1999) presented a formulation of the scattering of
harmonic waves due to a crack in three-dimensional transversely isotropic medium using a
numerical fundamental solution. Additionally, a dynamic analysis in polycrystalline materials
using parallel processing to increase the number of regions to evaluate is found in Galvis et al.
(2018b). However, it is not easy task to develop the parallel code using BEM. Figure 1.3 illustrates
an OpenMP implementation inside a BEM code to evaluate the influence matrices.
Figure 1.3: The framework for a parallel analysis using BEM
OpenMP is an Application Program Interface (API) used to explicitly direct multi-threaded,
shared memory parallelism. It is used in this work to evaluate the influence BEM matrices at the
microscale. Regarding an atomistic scale, several works have been done using molecular dynamics
(MD) and quantum mechanics (QM) (GIBSON ET AL.; ZHANG AND JIANG, 2018; 2017). How-
ever, it is impossible to conduct such simulations of large scales for practical applications (LYU
ET AL., 2016). As an alternative, the MCZM is presented as a simulation technique to couple
the continuum and the discrete domain (FAN AND LI; LI ET AL.; ZENG AND LI, 2015; 2012;
2012). The MCZM is introduced by Lyu et al. (2016) in the last version of multiscale analysis to
model fracture in metals. The authors used third-order Cauchy-Born rules and a barycentric FEM
formulation to build shape functions for hexagonal cohesive zones. However, the discretization
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lies on the granular domain, and it leads to a high computational cost. This MCZM formulation
is based on atomistic potentials and the information related to deformation gradients. To model
the atomistic behavior, Lennard-Jones potential has been extensively implemented (GALVIS AND
SOLLERO; FAN AND LI; ZENG AND LI, 2016; 2015; 2012). Nonetheless, it is necessary to imple-
ment an enhanced potential to obtain reliable results, particularly, in simulations with metallic mate-
rials (GRIEBEL ET AL., 2007). The EAM/Finnis-Sinclar potential was introduced and employed to
study the bulk, surface and cluster properties of metals. This potential, based on a second-moment
approximation to the tight-binding density of states, it has a simple analytic form and it has shown
a satisfactory approximation in simulations of point defects, grain boundaries, surface and amor-
phization transition for metals and alloys (DAI ET AL., 2006). Figure 1.4 shows a body-centered
cubic lattice (BCC), which is illustrated to represent the two levels of information that a many-body
potential needs to evaluate the interaction energy.
Figure 1.4: BCC structure evaluated with the EAM potential
Currently, there are two challenges associated with a multiscale dynamic analysis. First, the
atomistic-microscopic scale connection, where the fictitious boundary effects appear due to the
strong dependence between scales (JEBAHI ET AL., 2016). In dynamic problems, this usually in-
volves the elimination of spurious phonon reflections from the interface between the atomistic and
continuum domains, and it provides a significant difference between the continuum mesh resolu-
tion and the discrete zone resolution (SADEGHIRAD AND TABARRAEI, 2013). Second, the macro-
microscopic connection of heterogeneous materials, considering realistic defects as micro-cracks.
The challenge appears due to the strong dependency on size, shape, properties, and distribution
of the grains in each scale (CLÉMENT ET AL.; KOUZNETSOVA ET AL., 2013; 2001). This work
presents the first 2D dynamic approach to couple macro-micro and atomistic scales using BEM and
MCZM. In order to consider the relevance of material properties at different scales, both isotropic
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and anisotropic media are considered. Internal points are evaluated at the macroscale to obtain the
prescribed boundary conditions to be applied at the microscale. A parallelization on a shared mem-
ory architecture, using Fortran-OpenMP, is employed to evaluate the BEM matrices. The MCZM
is implemented with the EAM potential to model the interface granular response. Consequently,
an intergranular pre-crack is propagated. Finally, the results are contrasted with reference curves
to verify the multiscale transition, showing the changes to the displacement field on the space and
time scales.
1.2 Motivation
The multiscale analysis of materials has been considered as a relevant task during the past
years in different fields of science, such as engineering, medicine, biology, and chemistry. In this
dissertation, the motivation is to analize the multiscale-mechanical behavior of heterogeneous mate-
rials under dynamic conditions. Recently, related analyses developing multiscale simulations using
BEM in polycrystalline and composite materials have been presented (GALVIS AND SOLLERO;
RODRIGUEZ, 2016; 2016). The authors have mentioned in their conclusions the need to include a
macroscopic scale and to treat a large number of degrees of freedom to achieve a realistic approxi-
mation. However, fences to overcome appear when the material is analyzed between the scales, for
example, the geometry approximation and the computational cost.
1.3 Objectives
This work develops a two-dimensional multiscale analysis for heterogeneous materials. Both
isotropic and anisotropic elastic properties are considered at the macroscale and the microscale,
respectively. The objectives of this dissertation are listed as follows:
∘ Apply a 2D dynamic macroscale and microscale analysis to heterogeneous materials using
BEM.
∘ Share information between the macro and the micro scales using internal points.
∘ Evaluate the influence of dynamic macro-conditions when they are applied as prescribed
boundary conditions on polycrystalline structures.
∘ Model the interfaces between granular regions with the MZCM-EAM potential.
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∘ Establish the failure criterion at the microscale based on a cut-off parameter from the atom-
istic lattice structure.
1.4 Outline
The present dissertation is composed by seven chapters. In the first chapter, a brief state of
the art is presented. Subsequently, motivation, objectives, and contributions of this work are de-
scribed. In the second chapter, the governing equations for solid mechanics and multiscale failure
are reviewed. The third chapter presents the BEM formulation for elastostatics and elastodynam-
ics. In this chapter, the generally isotropic and anisotropic fundamental solutions are summarized.
Furthermore, the multi-region approach to be used at the microscale is formulated. The homoge-
nization technique to couple the micro-atomistic scale is presented in chapter four. In this section,
the failure of the material and the multiscale methodology are described. In the fifth chapter, the
macro-micro simulation results are provided. The intergranular simulation is shown in chapter six.
Conclusions of this research work are presented in the last chapter.
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2 Solid Mechanics and Multiscale Failure
This chapter presents the basic equations used in solid mechanics to describe the BEM. The
chapter covers two main subjects: (a) Equilibrium conditions and (b) the linear elastic failure. The
representation in this chapter primarily uses the Cartesian coordinate system and indicial notation.
2.1 Equilibrium conditions
Solid mechanics is based on the idealization of a discontinuous material by a continuum.
The material properties and the appearing mechanical quantities, in general, can be represented
by continuous functions. Figure 2.1 shows an arbitrary material with a fictitious cut. The external




Figure 2.1: Internal and external forces acting on a continuum body
The equilibrium for the homogeneous body presented before is ensured if the resultant of






𝑝𝑖d𝑉 = 0, (2.1)
Consequently, the relationship between the stress and strain that a particular material displays
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is given by
𝑡𝑖 = 𝜎𝑖𝑗𝑛𝑗, (2.2)
where 𝜎𝑖𝑗 represents the Cauchy stress tensor, and 𝑛𝑗 is the out normal vector which is perpendicu-







Equation (2.1) can be rewritten as
∫︁
𝑉
(𝜎𝑖𝑗,𝑗 + 𝑝𝑖)d𝑉 = 0, (2.3)
Therefore, for each point of the body the local equilibrium condition is
𝜎𝑖𝑗,𝑗 + 𝑝𝑖 = 0, (2.4)
For solid bodies experiencing dynamic motions, Equation (2.4) can be replaced with a general
expression involving mass and acceleration. The equation that describes a dynamic equilibrium of
a body is given by
𝜎𝑖𝑗,𝑗 + 𝑝𝑖 = 𝜌?̈?𝑖, (2.5)
where 𝜌 is density, and ?̈?𝑖 represents the acceleration for a point 𝑖. This expression comes from the
conservation of linear momentum. The conservation of angular momentum also establishes that
𝜎𝑖𝑗 = 𝜎𝑗𝑖, (2.6)
In linear elasticity, the displacement vector and its derivatives are considered as infinitesimals.





(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) , (2.7)
For displacements 𝑢𝑖 , the strain components 𝜀𝑖𝑗 , can be determined by Equation (2.7). How-
ever, for prescribed strain components, this expression represents a system of partial differential
equations that is not expected to have an unique solution. Thereby in order to ensure uniqueness of
displacements, some restrictions must be imposed on the strain components 𝜀𝑖𝑗 . These restrictions
are known as the compatibility conditions.
𝜀𝑖𝑗,𝑘𝑙 + 𝜀𝑘𝑙,𝑖𝑗 − 𝜀𝑖𝑘,𝑗𝑙 − 𝜀𝑗𝑙,𝑖𝑘 = 0 (2.8)
An elastic solid is defined as a body that strains when subjected to stress in a manner that
when the stresses are removed, the strains vanish (KANE, 1994). Hooke’s law is an experimentally
determined relationship between the components of the stress and strain tensor for an elastic mate-
rial. For an isotropic material, the material responds exactly the same regardless of the direction of
the loading. Otherwise, the material is considered as anisotropic. The relationship between stress
and displacement is given by the generalized Hooke’s law for an anisotropic body as follows
𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙, (2.9)
where 𝐶𝑖𝑗𝑘𝑙 is the material stiffness tensor, and it is a symmetric tensor 𝐶𝑖𝑗𝑘𝑙 = 𝐶𝑗𝑖𝑘𝑙 = 𝐶𝑘𝑙𝑖𝑗 . It
reduces the number of independent elastic constants from 81 to 21. Equation (2.9) can be rewritten











𝐶1111 𝐶1122 𝐶1133 𝐶1123 𝐶1113 𝐶1112
𝐶1122 𝐶2222 𝐶2233 𝐶2223 𝐶2213 𝐶2212
𝐶1133 𝐶2233 𝐶3333 𝐶3323 𝐶3313 𝐶3312
𝐶1123 𝐶2223 𝐶3323 𝐶2323 𝐶2313 𝐶2312
𝐶1113 𝐶2213 𝐶3313 𝐶2313 𝐶1313 𝐶1312











Moreover, Equation (2.9) can also be rewritten as
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𝜀𝑖𝑗 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑘𝑙, (2.11)












𝑆1111 𝑆1122 𝑆1133 𝑆1123 𝑆1113 𝑆1112
𝑆1122 𝑆2222 𝑆2233 𝑆2223 𝑆2213 𝑆2212
𝑆1133 𝑆2233 𝑆3333 𝑆3323 𝑆3313 𝑆3312
2𝑆1123 2𝑆2223 2𝑆3323 4𝑆2323 4𝑆2313 4𝑆2312
2𝑆1113 2𝑆2213 2𝑆3313 4𝑆2313 4𝑆1313 4𝑆1312






















𝑎11 𝑎12 𝑎13 𝑎14 𝑎15 𝑎16
𝑎12 𝑎22 𝑎23 𝑎24 𝑎25 𝑎26
𝑎13 𝑎23 𝑎33 𝑎34 𝑎35 𝑎36
𝑎14 𝑎24 𝑎34 𝑎44 𝑎45 𝑎46
𝑎15 𝑎25 𝑎35 𝑎45 𝑎55 𝑎56











The elastic coefficients of the compliance tensor can be further expressed in terms of engi-
neering constants as
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𝑎11 = 1/𝐸1 𝑎12 = 𝜈12/𝐸1 = −𝜈21/𝐸2
𝑎13 = −𝜈31/𝐸1 = −𝜈13/𝐸3 𝑎14 = 𝜂23,1/𝐸1 = 𝜂1,23/𝐺23
𝑎15 = 𝜂32,1/𝐸1 = 𝜂1,32/𝐺23 𝑎16 = 𝜂12,1/𝐸1
𝑎16 = 𝜂12,1/𝐸1 𝑎23 = 𝜈32/𝐸2 = −𝜈23/𝐸3
𝑎22 = 1/𝐸2 𝑎22 = 1/𝐸2
𝑎24 = 𝜂23,1/𝐸2 = 𝜈23,3/𝐺23 𝑎25 = 𝜂31,2/𝐸2 = 𝜂2,31/𝐺13
𝑎26 = 𝜂12,2/𝐸2 = 𝜂2,12/𝐺12 𝑎34 = 𝜂23,3/𝐸3 = 𝜂3,23/𝐺12
𝑎33 = 1/𝐸3 𝑎36 = 𝜂12,3/𝐸3 = 𝜂3,12/𝐺12
𝑎35 = 𝜂31,1/𝐸3 = 𝜂3,31/𝐺13 𝑎45 = 𝜁32,23/𝐺23 = 𝜁23,31/𝐺13
𝑎44 = 1/𝐺23 𝑎55 = 1/𝐺13
𝑎46 = 𝜁12,23/𝐺23 = 𝜁23,12/𝐺12 𝑎46 = 𝜁12,23/𝐺23 = 𝜁23,12/𝐺12
𝑎66 = 1/𝐺12 𝑎56 = 𝜁12,31/𝐺13 = 𝜁31,12/𝐺12
(2.14)
where 𝐸𝑘 are the longitudinal elasticity modulus, or Young’s modulus along the respective coordi-
nate axis 𝑥𝑘. 𝐺𝑖𝑗 is the shear modulus, or Coulomb modulus, for planes defined by 𝑥𝑖𝑥𝑗 coordinate
axes. 𝜈𝑖𝑗 are the Poisson’s ratios, which characterize the contraction along the direction of one axis
when tension is applied to the direction of another axis. These constants are well known for an
isotropic body. The constants 𝜂𝑖𝑗,𝑘 are known as the mutual influence coefficients of the first kind;
they denote the extension in the direction of 𝑥𝑘 coordinate produced by shearing stresses acting
on the coordinate planes 𝑥𝑖𝑥𝑗 . The constants 𝜂𝑖,𝑗𝑘 are known as the mutual influence coefficients
of the second kind and denote the shear in the coordinate plane 𝑥𝑗𝑥𝑘 due to a normal stress acting
on the 𝑥𝑖 coordinate direction. Finally, 𝜁𝑖𝑗,𝑘𝑙 are called Chentsov’s coefficients, and they represent
the shear deformation in planes parallel to the coordinates planes produced by the shearing stresses
acting on the other planes parallel to the coordinate planes.
It is worth pointing out that a further reduction of the number of independent elastic con-
stants, is possible if there are symmetries respect to the axis of the material. If there are symmetry
with respect to three mutually perpendicular axis, the material is called orthotropic and the number
of independent constant is reduced to nine. If the material exhibits a rotational elastic symmetry
about one of the coordinate axe, the material is named transversely isotropic and the number of
independent constants is reduced to five. Finally, if the symmetry exists in all directions, the ma-
terial is called isotropic and only two independent constants are required to describe the material
behavior. The relationship considering a homogeneous isotropic material is given by
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𝜎𝑘𝑙 = 𝜆𝛿𝑖𝑗𝜀𝑘𝑘 + 2𝜇𝜀𝑖𝑗, (2.15)




; 𝜈 = 𝜆
2(𝜆+𝜇)
; 𝜆 = 𝜈E




2.2 Two dimensional analysis
Some problems in solid mechanics can be satisfactorily modeled in two dimensions rather
than three (GAO AND DAVIES, 2002). In some case, this simplification arises naturally as a conse-
quence of the physical nature of the problem, but often it is imposed as a convenient approximation
to reality. Three distinct cases are possible: (a) plane strain, (b) plane stress, and (c) axisymmet-
ric. The first one is applicable to cases where the cross-section of the solid is sensibly constant
over an indefinite (large) distance along one axis. If the loading is also invariant (and imposed in-
plane) along the same axis, then the direct strain in that direction must be zero. By symmetry, the
shear strains on the cross-sectional face are also equal to zero. In contrast, plane stress, as its name
suggests, pertains to conditions where the stresses acting on one plane are all zero. Finally, many
engineering structures (e.g., pipes, pressure vessels) are symmetrical about an axis. If the loading
system gives rise to a stress system that is independent of the circumferential coordinate, then such
problems can be modeled by an axisymmetric formulation in the two remaining dimension.
Under plane stress conditions, which is considered for this work, it is assumed that the stress
along the normal plane to the third axis is zero, that is, 𝜎33 = 𝜎32 = 𝜎31 = 0. Although plane
strain and plane stress conditions are quite different in the physical sense, a simple mathematical
equivalence can be established between them.
Since the present study considers two-dimensional problems, to maintain the random charac-
ter of the generated microstructure at the microscale and the stochastic effects of each grain on the
overall behavior within the system, three different cases are considered for each grain. This process
is similarly developed by Sfantos and Aliabadi (2007). Figure 2.2 illustrates a 2D polycrystalline






Figure 2.2: Agreggate of grains distributed with randomly distributed orientation
Each grain is considered as a single crystal with an orthotropic elastic behavior and a spe-
cific material orientation. Considering that 𝑥𝑦𝑧 is the geometry coordinate system and that 123 is
the material coordinate system, there are three cases in view of which of the three material axes
coincide with the z-axis (out of plane); thus Case 1: 1 ≡ z, Case 2: 2 ≡ z and Case 3: 3 ≡ z
(working plane is assumed the 𝑥𝑦). Therefore, every generated grain is characterized by one of the
aforementioned cases in a completely random manner. In Figure 2.2, the different color over each
grain indicates different orientations and elastic properties. The three-dimensional view is provided
to signify the random character of the grains for each case.
For the case of an orthotropic material, which has three mutually perpendicular symmetry
planes, the compliance tensor unknown components are reduced to 9, since 𝑆14 = 𝑆15 = 𝑆16 =
0, 𝑆24 = 𝑆25 = 𝑆26 = 0, 𝑆34 = 𝑆35 = 𝑆36 = 0, 𝑆45 = 𝑆46 = 𝑆56 = 0. In the case of two-
























Subsequently, Table 2.1 summarizes the corresponding to the 𝑆 ′𝑖𝑗 tensor compliance com-







Table 2.1: Corresponding compliance tensor components for the two dimensional plane stress case
𝑆
′
𝑖𝑗 1 ≡ z 2 ≡ z 3 ≡ z
𝑆
′
11 𝑆22 𝑆11 𝑆11
𝑆
′
22 𝑆33 𝑆33 𝑆22
𝑆
′
12 𝑆23 𝑆13 𝑆12
𝑆
′
66 𝑆44 𝑆55 𝑆66
The constitutive equation for each elastic tensor must be transformed to the reference axes.
The transformation can be expressed by
Case 1, rotation around axis 1
Ω* =
⎡⎢⎣ 1 0 00 𝑚 𝑛
0 −𝑛 𝑚
⎤⎥⎦ , (2.18)
Case 2, rotation around axis 2
Ω* =
⎡⎢⎣ 𝑚 0 −𝑛0 1 0
0 0 𝑚
⎤⎥⎦ , (2.19)
Case 3, rotation around axis 3
Ω* =
⎡⎢⎣ 𝑚 0 0−𝑛 𝑚 0
0 0 1
⎤⎥⎦ , (2.20)















































































































































































Finally, the stiffness tensor and compliance tensor can be transformed to a local system as
C* = KCK𝑇 S* = (K−1)𝑇SK−1 , (2.26)
2.3 Multiscale cohesive failure
Failure mechanics is the study of the strength of materials containing preexisting flaws or
cracks under the action of externally applied loads. A crack can be defined as a notch with its radius
of curvature approaching zero. If there is a crack that runs through several grains, the orientation
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of the separation surface changes according to the local lattice planes and axes (transgranular
fracture). If the grain boundaries are sufficiently weak, the separation on account of the dislocation
piles up and grain boundary sliding will take place along these boundaries (intergranular fracture).
Figure 2.3 illustrates the two different crack propagation possibilities for polycrystalline materials.
Figure 2.3: Micro defects: a) Intergranular crack, b) Transgranular crack
Usually, a crack is envisioned as a physical breach of a material that had been previously con-
tinuous. Forces from forming operations or usage of components are generally the causes of cracks.
Metallic materials are weaker at high temperatures, and the forces from differential contraction may
be enough to cause cracking. Fracture mechanics have been widely evaluated to model the crack
behavior in homogeneous materials. However, the assumptions to model aggregate structures as a
totally homogeneous domain give an opportunity to analyze the phenomena using other method-
ologies, for example, multiscale cohesive methods. The multiscale cohesive zone model (MCZM)
considers the energy of deformation of the cohesive interface domains located between two adja-
cent grains. This methodology is based on atomistic potentials coupling the satomistic scale and
the continuum modeling techniques. Furthermore, it allows supporting information about physi-
cal defects, for example, the aforementioned cracking defects. Regarding the MCZM implemen-
tation, the interatomic potential, which is the basis of its formulation, is usually categorized into
three approximate models: empirical potentials like Lennard-Jones, semi-empirical potential like
EAM/Finnis-Sinclar, and nonempirical approach like Ab initio. In this work, the EAM potential is
used to model the interatomic force interaction. Moreover, it includes a many-body model, and the
parameters used into the formulation are found in the literature (DAI ET AL., 2006). An advantage
of this many-body potential is the elimination of drawbacks of pair potentials, such as the zero
Cauchy pressure (WEINBERGER AND TUCKER, 2016).
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3 BEM formulation of 2D Isotropic and Anisotropic media
The boundary element method (BEM) constitutes a technique for analyzing the behavior of
mechanical systems and especially of engineering structures subjected to external loading. This
chapter presents the 2D-BEM dynamic formulation for an elastic material. In addition, the dual
reciprocity method (DRM) is described in order to evaluate the non-linear and time-dependent
problem. The BEM application requires the use of fundamental solutions, whose formulation is
considered. Finally, in order to model polycrystalline structures the crystallography and the multi-
domain implementations are presented.
3.1 BEM for linear elasticity
The integral equation for dynamic equilibrium over the plane domain Ω, which is taken from










An integral statement equivalent to the equation of equilibrium can be obtained by multiply-
ing Equation (3.1) by some arbitrary scalar weigth function w and integrating over the domain.
∫︁
Ω




The first term in Equation (3.2) involves a derivate. After using the product rule for deriva-













The term (𝜎𝑖𝑗𝑤𝑖),𝑗 can be recognized as the divergence of (𝜎𝑖𝑗𝑤𝑖). After applying the diver-











where, 𝑡𝑖 represents the external force and it is defined in Equation (2.2). After substituting Equa-













It is convenient to transform 𝑤𝑖,𝑗 in a way that it only involves the symmetric part of 𝑤𝑖,𝑗 . The




(𝑤𝑖,𝑗 + 𝑤𝑗,𝑖) +
1
2
(𝑤𝑖,𝑗 − 𝑤𝑗,𝑖) = 𝑠𝑖𝑗 + 𝑎𝑖𝑗, (3.6)
















The Equation (3.7) involves weight functions that can be considered as imaginary dis-
placement field 𝛿𝑢𝑖. Upon substitution of 𝛿𝑢𝑖 for 𝑤𝑖, and considering an imaginary strain field

























𝜌𝑢𝑖(𝛿𝑏𝑖 − 𝛿?̈?𝑖)dΩ, (3.9)
which is known as Betti’s reciprocal work theorem. Then, a virtual work 𝛿 is a fundamental state
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The Equation (3.10) is an integral that governs the behavior on a solid object (domain Ω,
boundary Γ), that is in equilibrium under the action of surface traction 𝑡𝑖, and displacement 𝑢𝑖. The
term to the body force is redefined as 𝑝𝑖 = 𝜌(𝑏𝑖 − ?̈?𝑖). 𝑈𝑖𝑗 and 𝑇𝑖𝑗 represent the displacement and
traction fundamental solutions for a virtual space, respectively. Recall that the concentrated load in
Kelvin’s problem was assumed to be applied to a body force in the form of a delta function. The
selection property of the Dirac delta function can be used to determine the contribution from the









𝑇𝑖𝑘𝑢𝑖dΓ + 𝑐𝑖𝑘𝑢𝑖(d), (3.11)
The symbol 𝑐𝑖𝑘 has been used to account for the cases where the location (d) of the concen-
trated load is either inside or outside of Γ. In this work, it is considered that 𝑐𝑖𝑘 = 𝛿𝑖𝑘.
3.2 Transforming domain into a boundary integral
In order to transform the domain integral presented in Equation (3.11), Partridge et al. (1992)
proposed the use of particular solutions. This method is known as the dual reciprocity method
(DRM), and it is represented as






where 𝑓𝑚𝑖𝑘 are 𝑀 radial function, and 𝛼
𝑚







If there are 𝑁 boundary nodes and 𝐿 internal nodes, there will be M = N+L values of ?̂?𝑗𝑟𝑘,𝑛𝑠,
see Figure 3.1.
Figure 3.1: Boundary and internal nodes










































The Equation (3.15) represents the boundary integral equation that governs a solid body.
There are several methods used to calculate the particular solutions, such as trigonometric series and
radial functions 𝑟 (PARTRIDGE ET AL., 1992). The particular radial solutions used by Albuquerque
et al. (2003) are implemented.
?̂?𝑚𝑘 = 𝑐𝑟
3𝛿𝑘𝑚, (3.16)
where 𝑐 is an arbitrary constant. The approximation function is given by
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𝑓𝑖𝑚 = 𝐶𝑖𝑗𝑘𝑙{𝑐𝑟(𝑟,𝑙𝑟,𝑗𝛿𝑘𝑚 + 𝛿𝑗𝑙𝛿𝑘𝑚)}, (3.17)
The traction 𝑡𝑖𝑛 is given by
𝑡𝑚𝑘 = 𝜎𝑚𝑟𝑠𝑛𝑠, (3.18)














































where NE are the number of boundary elements. Then, Equation (3.20) can be expressed in terms





































U[Φ]𝑗 | 𝐽 | d𝑎 , (3.23)
The terms [Φ] are the interpolation functions, whereas | 𝐽 | is the Jacobian module in a coordi-
nate system. In addition, several methods are used in order to integrate this boundary equation, such
as the Gauss-Legendre quadrature and an enhanced integration method proposed by DUMONT
(2018). In this work, the first one is used to calculate the numerical response. Moreover, boundary
elements with three nodes are used at the macroscale. Owing to the polycrystalline morphology,
boundary elements with three nodes, without lie at the corners, are evaluated at the microscale.
Figure 3.2 shows the boundary element discretization for a 2D domain.
Figure 3.2: Boundary elements for a two-dimensional domain
3.3 Dynamic analysis using BEM
For transient analysis, the body forces acting on the body are due to the acceleration field.
Thus, in matrix form can be expressed as
𝛼 = 𝜌E(ü), (3.24)
where E = F−1, and F is the matrix obtained from the functions 𝑓𝑚𝑖𝑘 in Equation (3.12). Rewritting
Equation (3.22) as
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Hu − Gt = 𝜌[HÛ − GT̂]Eü, (3.25)




E, the final dynamic system is obtained
𝜌Vü + Hu = Gt, (3.26)
where the mass matrix is M = 𝜌V. In this case, direct step by step integration process is
used (DOMINGUEZ, 1993). It is based on two ideas: (1) the system of equations is satisfied only at
discrete time intervals ∆𝜏 , and (2) a certain variation of the displacements, velocities, and acceler-
ations is assumed within each time interval ∆𝜏 . To obtain the solution at 𝜏 + ∆𝜏 , the displacement
is derived in accordance with the Houbolt integration approach (HOUBOLT, 1950). Thereby, Equa-
tion (3.26) can be written at the instant 𝜏 + ∆𝜏 as
Mü𝜏+Δ𝜏 + Hu𝜏+Δ𝜏 = Gt𝜏+Δ𝜏 , (3.27)
In Equation (3.27), the total period 𝑡 is divided into 𝑛 equal time intervals. The acceleration at




(2u𝜏+Δ𝜏 − 5u𝜏 + 4u𝜏−Δ𝜏 − u𝜏−2Δ𝜏 ), (3.28)
Figure 3.3 shows the last three positions of a node. This is an illustrative example to implement the
Houbolt algorithm.
Figure 3.3: Nodal displacement for three consecutive time steps
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u𝜏+Δ𝜏 = Gt𝜏+Δ𝜏 +
1
∆𝜏 2
M(5u𝜏 − 4u𝜏−Δ𝜏 + u𝜏−2Δ𝜏 ), (3.29)
The Houbolt integration algorithm is frequently used in conjunction with the
DRM (ALBUQUERQUE ET AL.; DOMINGUEZ; GALVIS AND SOLLERO, 2002; 1993; 2016).
3.4 Fundamental solutions
The fundamental solutions are evaluated for a source point, which is located at the origin
of a specific coordinate system. It represents the response due to an unit source of energy that
is generated at the position ’D’ (ALIABADI; KANE, 2002; 1994). Figure 3.4a shows the process
to evaluate the fundamental solutions when the source and field points are localized at different
positions, and Figure 3.4b shows when the points are at the same position.
Figure 3.4: Source and field points located at: a) different positions, b) the same position
The strategy to evaluate the fundamental solutions when the source point is located precisely
at the field point is to imagine that a small circular bump lies on the surface. Regarding the aim
of this work, both isotropic and anisotropic solutions are applied at the macro and micro scales,
respectively. The aforementioned solutions are described in the following section.
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3.4.1 Isotropic fundamental solutions
The displacement and traction fundamental solutions for two-dimensional problem that are



















[(1 − 2𝜈)𝛿𝑖𝑗 + 2𝑟,𝑖𝑟,𝑗] − (1 − 2𝜈)(𝑟,𝑖𝑛,𝑗 − 𝑟,𝑗𝑛,𝑖)
}︃
, (3.31)
where 𝐷 and 𝑥 are the source and field points, respectively. The term 𝜈 represents the Poisson’s
coefficient, and 𝜇 is the shear modulus of elasticity. The variable 𝑟 is the radial distance between
nodal points, and 𝛿 is the Kronecker delta.
The displacement fundamental solution listed above contains a logarithmic function. The ex-
istence of this term may lead to a non-uniqueness of the solution. Generally, this difficulty can be
avoided by normalizing the distance 𝑟 within the logarithmic term. This normalization procedure
only a rigid body displacement and it does not affect the solution (ALIABADI, 2002). Alterna-
tively, Dumont (1998) proposed an enhanced method for dealing with this type of fundamental
solutions.
3.4.2 Anisotropic fundamental solutions
The anisotropic fundamental solutions for the two-dimensional problem that are used at the
microscale, are obtained using the complex stress approach described by Aliabadi (2002). The







in a complex plane with 𝑘 = 1,2 and a field point defined by


































𝑘 + 𝑆12 − 𝑆16𝜇𝑘








The complex coefficients 𝐴𝑗𝑘 are obtained from the requirements of a unit load at 𝑧
′
𝑘 and
displacement continuity for the fundamental solution, by the linear system:
⎡⎢⎢⎢⎢⎣
1 −1 1 −1
𝜇1 −𝜇1 𝜇2 −𝜇2
𝑝11 −𝑝11 𝑝12 −𝑝12














where 𝜇𝑘 are the roots of the characteristic equation:
𝑆11𝜇
4 − 2𝑆16𝜇3 + (2𝑆12 + 𝑆66)𝜇2 − 2𝑆26𝜇 + 𝑆22 = 0, (3.38)
The roots are always complex or pure imaginary. The following section describes how the
vector 𝐴 is obtained using the compliance tensor 𝑆𝑖𝑗𝑘𝑙, by knowing that 𝑆𝑖𝑗𝑘𝑙 = 𝑖𝑛𝑣(𝐶𝑖𝑗𝑘𝑙).
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3.5 Crystallography and Multidomain Formulation
If a metallic material is assessed at the microscale, polycrystalline structures are observed.
These structures are known as grains and the Figure 3.5 illustrates an example.
Figure 3.5: Micrography of a polycrystalline stainless steal. The Figure is taken from Askeland
et al. (2011)
At the macroscale, a metallic material is assumed as a homogenous body. In this scale, the
modeling is developed using isotropic properties. By contrast, modeling such material at the mi-
croscale requires the analysis of polycrystalline aggregate structures, and as a consequence, the
anisotropic formulation must be implemented. In addition, the multizone framework must be ap-
plied due to the large number of grains to be modelled. On the other hand, standard methods are
presented in the literature to normalize the number of grains that are contained within a polycrys-
talline area of 1.0 mm2. The American Society for Testing and Materials (ASTM) specified the
average number of grains for metallic materials (E1382-97, 2015). According to them, iron at
room temperature, whose properties are used in this work, contains around 2000 to 5000 grains per
square millimeter.
Regarding the implementation of the fundamental anisotropic solutions, the constitutive ten-
sor 𝐶𝑖𝑗𝑘𝑙 must be evaluated. A linear anisotropic material can have as many as 21 constants, see
Equation (2.10). This number is reduced when the material shows a certain symmetry in relation
to a coordinate system and further to the lattice structure. This work consideres the BCC lattice to
evaluate the mechanical response of a metallic material. The Figure 3.6 illustrates a BCC lattice
structure that contains three independent constant due to planes of symmetry.
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Figure 3.6: Lattice structure, body-centered cubic (BCC)
The number of elastic constants due to the symmetry of a BCC lattice are three: 𝐶11, 𝐶12, 𝐶44.
𝐶 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝐶11 𝐶12 𝐶12 0 0 0
𝐶12 𝐶11 𝐶12 0 0 0
𝐶12 𝐶12 𝐶11 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶44 0
0 0 0 0 0 𝐶44
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.39)
Now, it is necessary to consider more than one region to model polycrystalline structures.
The multizone formulation is a straightforward extension of the BEM previously described.
Figure 3.7 illustrates two news subregions with boundaries Γ𝑖, Γ𝑗 , and the interface 𝐼 .
Figure 3.7: Multizone implementation
Consequently, new variables are included:
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u𝑖, t𝑖 - Nodal displacements and tractions at the boundary Γ𝑖.
u𝑖𝐼 , t𝑖𝐼 - Nodal displacements and tractions at the interface Γ𝑖𝐼 .
u𝑗, t𝑗 - Nodal displacements and tractions at the boundary Γ𝑗 .
u𝑗𝐼 , t
𝑗
𝐼 - Nodal displacements and tractions at the interface Γ
𝑗
𝐼 .






































Several algorithms to assembly and to apply the boundary conditions to Equation (3.40) and
Equation (3.41) can be found in the literature. In this work, it is used the algorithm proposed
by Kane (1994). In order to establish the system of equations, the displacement compatibility
u𝑗𝑖 = u𝑖𝑗 and traction equilibrium t
𝑗
𝑖 = t𝑖𝑗 at the interfaces between 𝑖th and 𝑗th regions must be
applied (GALVIS ET AL., 2018a). Therefore, the system of equations after the application of the
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where A𝑖, B𝑖, and M𝑖 belong to the boundary of the polycrystalline material; A𝑖, B𝑖 are the blocks
corresponding to H𝑗𝑖 and G
𝑗
𝑖 respectively, where the load conditions are applied. The blocks H
𝑗
𝑖 ,
and G𝑗𝑖 are the interfaces between 𝑖th and 𝑗th grains. Vector x𝑖 represent all the traction and dis-
placement unknowns to be evaluated with the elements corresponding to the boundaries and k𝑏𝑐𝑖 are
known boundary conditions applied respectively at the instant 𝜏 + ∆𝜏 . At the interfaces, displace-
ments u𝑗𝑖 and traction t
𝑗
𝑖 are evaluated. The last three step displacement responses are defined as u𝛼𝑖,
u𝛼𝑗 for the block belonging to the boundaries and u𝑗𝛼𝑖 for the interfaces. Regarding the RAM and
computational processing, this research uses a treatment for the sparse matrix previously developed
by Galvis et al. (2018b).
3.5.1 Polycrystalline generation
In this work, the polycrystalline generator algorithm of Voronoi diagram is used (OKABE
ET AL., 2009). This algorithm considers points 𝑃 = {𝑝1,𝑝2,...,𝑝𝑛} ⊂ R bounded by a prescribed
region Ω and created by a random point generator of an uniform distribution; 𝑛 represents a finite
number of points in the space, where 2 < 𝑛 < ∞, and x𝑖 ̸= x𝑗 for 𝑖 ̸= 𝑗, 𝑖,𝑗 ∈ 𝐼𝑛, where
𝐼𝑛 = {1,2,...,𝑛} is a set of integers (SFANTOS AND ALIABADI, 2007). The Voronoi diagram
defined by the space Ω is given by the following expression:
𝑉 ∩ Ω = {𝑉(𝑝1) ∩ Ω, 𝑉(𝑝2) ∩ Ω,...,𝑉(𝑝𝑛) ∩ Ω}, (3.43)
where 𝑉(𝑝𝑖) denotes each convex polygon that represents the grains. Every point has exactly one
generated point 𝑝𝑖, and each point over the polygon is closer to its generated point than any other
point outside the polygon.
𝑉(𝑝𝑖) = {‖ x − x𝑖 ≤ x − x𝑗 ‖}, (3.44)
where x and x𝑖 are the generated point and a point belonging to polygon 𝑝𝑖 respectively, and x𝑗 is a
point of another polygon 𝑝𝑗 . In addition, each grain presents an unique lattice orientation.
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4 Multiscale method to couple the micro and the atomistic scales
It is well known that heterogeneous materials are composed of many crystals with random
orientations at the microscale. In order to model the intergranular failure of polycrystalline ma-
terials, this chapter presents the multiscale implementation to couple the micro domain with the
atomistic domain. This process is developed at the interfaces of grains, and it is based on the mul-
tiscale cohesive zone model (MCZM). Furthermore, the EAM potential is described in order to
analyze the interatomic force at atomistic scale.
4.1 Cohesive interface elements
Polycrystalline materials are modeled in the bulk medium with elastic anisotropic properties.
However, at the interfaces of the grains, high non-homogeneous deformations occur. In order to
approximate this computation, Hill (1972) proposed a homogenization technique to capture this
information. It is based on cohesive interface elements (CIEs) where it is evaluated deformation
gradients and the strain energy density. These elements are modeled as finite volume and Figure 4.1
illustrates the concept.
Figure 4.1: Cohesive Interface Elements (CIE)
The number of CIEs corresponds to the number of elements that the surface of grain contains.
Moreover, the CIE present the average elastic properties 𝛼𝐴𝐵 of the two adjacent grains and the
discretization presents compatibility with the nodes localized at the grain boundary. Figure 4.2
illustrate the process.
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Figure 4.2: Average elastic property and boundary discretization for a CIE
Modeling the interfaces of grains with CIEs, and computing the respective strain when a load
is being applied, it is possible to transfer this information to an atomic arrangement. It represents
a straightforward approximation, and it can be visualized in Figure 4.3. This process is similarly
used by Li and Wang (2008).
Figure 4.3: Atomic arrangement at the interfaces
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4.2 Homogenization technique
The homogenized effective properties are computed from the transient BEM response on the
surfaces of the CIEs. In the deformed configuration, the displacement and traction fields are known
for all nodes of the CIE. Therefore, the homogenized deformation gradient ⟨F𝑐⟩ in the CIE domain






where the superscript 𝑐 refers to CIE, and | Ω𝑐 | represents the area. From continuum mechanics,
the deformation gradient can be expressed as











After applying the divergence theorem, the transformation of the domain integral of Equa-
tion (4.3) into a boundary integral is carried out as




u⊗ n dΓc, (4.4)
where Γ𝑐 is the surface of the cohesive element and n is the outward normal vector. In order to ob-
tain a better sensibility of deformation, Lyu et al. (2016) introduced the use of a second deformation












∇u⊗ n dΓc, (4.6)
Figure 4.4 shows two states of CIEs: an undeformed condition and a deformed condition.
Thus, the two-gradients are evaluated in order to quantify the strain energy of the CIEs.
Figure 4.4: Deformation of the CIEs
Moreover, it is necessary to introduce two new local coordinates r and s, due to the CIEs are
not aligned with the global coordinate system, see Figure 4.5. The variables X and u represent the
nodal position before and after the deformation.
4.3 Second-order Cauchy-Born rule
The Cauchy-Born rule (CBR) (ERICKSEN, 1984), is an effective technique to transfer the
strain energy to an atomistic system. By using this rule, it is possible to describe the radial position




Figure 4.5: Global and local coordinate systems for the CIEs.
where 𝑟𝑖 is the deformed vector and 𝑅𝑖 is the reference vector. The Equation (4.7) refers to the
first-order CBR. Figure 4.6 shows the deformation of a lattice structure after a strain energy is
applied.
Figure 4.6: Cauchy-Born rule
Nonetheless, the Equation (4.7) is insufficient to describe the kinematics for the case of inho-
mogeneous deformations (CHANDRASEKER ET AL.; SUNYK AND STEINMANN, 2006; 2003). To





∇F𝑐(X) : (R𝑖 ⊗R𝑖), (4.8)
where ( : ) expresses the product of a third-order tensor with a second-order tensor. The result is
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a tensor of the first order. The symbol (⊗) denotes the standard tensor product. Moreover, the
extended CBR can be expressed in terms of the homogenized deformation gradients as
r𝑖 = ⟨F𝑐⟩ ·R𝑖 +
1
2
⟨G𝑐⟩ : (R𝑖 ⊗R𝑖) (4.9)
By using the Equation (4.9), it is possible to map the strain energy from a CIE to a lattice
structure. It results in a drastic reduction but it allows to couple the continuum modeling using
BEM with a discrete representation using radial atomistic positions.
4.4 Atomistic force inside the CIE
The multiscale theory to couple the micro and atomistic domains considers the calculation of
a radial vector, see (4.9). In order to evaluate the change of energy due to radial atomic positions,
and as a consequence, the breaking of atomic bonds, interatomic-potential functions are used. Pair
potential functions can be found from the literature such as Lennard-Jones potential, Morse poten-
tial or the van der Waals potential (GRIEBEL ET AL., 2007). These potentials are used to compute
simple interactions between atoms or particles. However, in pair potentials, atomistic bonds are
treated independently from each other, which is an approximation with the advantage of simple ex-
pressions. To simulate metallic materials it is not recommended to use only pair potential relations,
due to the inaccurate consideration of additional physical effects. For an application that needs
more complex potentials, many-body potentials have been proposed. Dai et al. (2006) proposed a














(𝑟 − 𝑐)2(𝑐0 + 𝑐1𝑟 + 𝑐2𝑟2 + 𝑐3𝑟3 + 𝑐4𝑟4), 𝑟 ≤ 𝑐
0, 𝑟 > 𝑐
}︃
(4.11)
where 𝑐 is a cut-off parameter assumed to lie between the second and third neighbor atoms.
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𝑐0, 𝑐1, 𝑐2, 𝑐3, 𝑐4 are the potential parameters to be fitted. The second term in (4.10) is the 𝑛-body
term. Based on a second-moment approximation to the tight-binding density of states, the embed-




where, according to the linear superposition approximation, the host electron density 𝜌𝑖 can be





Subsequently, the electronic density function is expressed by
𝜑(𝑟) =
{︃
(𝑟 − 𝑑)2 + 𝐵2(𝑟 − 𝑑)4, 𝑟 ≤ 𝑑
0, 𝑟 > 𝑑
}︃
(4.14)
where the term 𝑑 is also assumed to lie between the second and third neighbor atoms. Figuere 4.7
describe the second and third neighbor atoms for a BCC structure.
Figure 4.7: EAM potential levels for a BCC lattice.
4.5 Failure criterion
In this multiscale approach, the atomistic homogenized scale is coupled by the cohesive
forces computed from the atomic scale. The high non-homogeneous deformations are taking into
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account by the second-order CBR and the evaluation techniques of the homogenization gradients
are described in previous section. The strain energy density per unit volume is evaluated from the
atomistic scale to be replaced in the microscale (SUNYK AND STEINMANN, 2003) to characterize
the failure through the formulation presented by Fan and Li (FAN AND LI, 2015) using homoge-
nized fields. From the total potential energy described by Equation (4.13), the strain energy density










where Ω𝑐𝑜 is the area of the unit cell in the reference configuration, 𝑛𝑐 is the number of bonds,
𝑟𝑖 =| r𝑖 | is the current bond length in a unit cell, and the 1/2 factor is due to the pair wise potential











⟨G𝑐⟩ : (R𝑖 ⊗R𝑖)
⃒⃒⃒⃒)︂
= 𝑊 𝑐(⟨F𝑐⟩,⟨G𝑐⟩), (4.16)
By using the strain energy function, the constitutive relations for the bulk medium can be




























The term P𝑐 is a second-order tensor and Q𝑐 is a third-order tensor. Ir order to compute the energy
force to reach the breaking of interatomic bonds, it is defined the cohesive traction T𝑐 as
T𝑐 = (P𝑐 −∇ ·Q𝑐) · n (4.19)
The cohesive traction reproduces the higher-order interface cohesive law that is characterized by
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the type of potential function. A cut-off radius T𝑐𝑢𝑡𝑜𝑓𝑓 can be established from the relative position
of pair atoms as
T𝑐𝑢𝑡−𝑜𝑓𝑓 = 𝑓(𝑟𝑐𝑢𝑡−𝑜𝑓𝑓 ), (4.20)
where 𝑟𝑐𝑢𝑡−𝑜𝑓𝑓 is the distance up from which does not exist interatomic attraction force. Figure 4.8
shows the total energy and force evaluated for iron (BCC) using the EAM potential.























Figure 4.8: Total energy for iron using EAM potential
Consequently, the failure criterion can be defined as
T𝑐 > T𝑐𝑢𝑡𝑜𝑓𝑓 (4.21)
The failure occurs when the condition presented in Equation 4.21 is reached for each CIE,
causing a progressive failure at the interfaces.
4.6 Multiscale computational code
The flowchart of the computational code is shown in Figure 4.9. The diagram illustrates
the implementation for the three scales analyzed in this work. At the macro-scale, the isotropic
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properties, boundary conditions, and the time-integration parameters are fitted. Subsequently,
the BEM matrices are evaluated and the Houbolt algorithm is implemented. Then, the results of
specified internal points are stored in the interval of 𝑡𝑀𝑖 and 𝑡𝑀𝑓 .
Figure 4.9: Flowchart of the multiscale process
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After implementing the macroscale analysis, the stored displacement field is used as pre-
scribed boundary conditions at the microscale analysis.Here, the anisotropic elastic properties and
time-integration parameters are fitted. At this step, deformation gradients are computed in order to
obtain the strain energy at the interface of grains. Thereby, it is possible to involve the atomistic
scale using the energy force described by Equation (4.21). Finally, a pre-crack is propagated until
it reached the number of specified time steps.
In the context of the macro-micro transition, this work intends to consider all the requirements
to treat an enhanced multiscale approach. The internal points are evaluated from the macroscale to
obtain the dynamic displacement response. Subsequently, the microstructure is conditioned by the
macro results as prescribed boundary conditions. Owing to the larger number of regions to be
evaluated, the critical sections of the BEM code are parallelized. This work is based on a Fortran-
OpenMP platform in order to analyze a large number of degrees of freedom. The sections to be par-
allelized correspond to the computation of BEM matrices at the microscale and the solver of the lin-
ear system of equations. The solution to this system is carried out using the Pardiso solver (PETRA
ET AL.; PETRA ET AL., 2014b; 2014a).
61
5 Macro and Micro Simulation Tests
This section presents the BEM implementation at the macro and the micro scales. First,
macroscale tests are presented using the isotropic formulation. These tests provide information
for computing of the influence matrices and the displacement response at the transient analysis.
Subsequently, microscale tests are described using anisotropic formulation. Each test is confronted
with a reference solution in order to verify the accuracy of the BEM implementation. Finally, the
transient displacement obtained from the macroscopic results is evaluated as prescribed boundary
conditions at the microscale.
5.1 Macroscopic simulations
This scale corresponds to the largest domain of heterogeneous materials, which is not affected
by specific discontinuities. The macroscopic analysis of a 2D material begins with the discretization
of the problem. Figure 5.1 illustrates the mesh generation for a body where three-node isoparamet-
ric elements are used to model the boundary Γ.
Figure 5.1: Boundary discretization at the macroscale
where W and L are the width and length of the body, respectively. Within the element (e), the trac-
tion t(e) and displacement u(e) are interpolated using linear shape functions [𝜑]. The fundamental so-
lutions used during the BEM implementation are described in Equation (3.30), and Equation (3.31).
In order to verify the accuracy of the mass matrix computation M, which is used in the transient
analysis, an initial test is provided. This test corresponds to a macroscopic body for which the only
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acting load is the own weight. The parameters used are listed in Table 5.1.
Table 5.1: Macro-simulation parameters: test by the own weight
Parameter Value Parameter Value
L [m] 4.0 𝜌 [kg/m3] 1.0
W [m] 2.0 𝜈 0.3
E [Pa] 1.0
It is assumed that on each cross-section of the body has an uniform tension produced by the
weight of its lower portion. If 𝜌𝑔 is the weight per unit volume of the body, the boundary conditions
give zero stresses for the lower end, and for the upper end, the uniformly distributed tensile stress
results. Figure 5.2 a) shows the boundary condition for the body.
Figure 5.2: Body stretched by its own weight
After implementing the simulation and using the Dual Reciprocity Method described in Equa-
tion (3.12), The displacement response for a point ‘v’ located at the center of the lowest surface
is visualized in Figure 5.2 b). This test is developed by changing the acceleration 𝑔 in the range
[0.0 − 1.0] m/s2. The nodal displacement is compared to the reference solution developed by Tim-
oshenko (1970). Consequently, the following test presents the transient analysis at the macroscale
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using the Houboult integration algorithm (HOUBOLT, 1950), see Equation (3.29). The parameters
associated with the size, elasticity and time integration are listed in Table 5.2.
Table 5.2: Macro-simulation parameters: dynamic test 1
Parameter Value Parameter Value
L [mm] 200.0 𝜈 0.0
W [mm] 50.0 𝜎 [Pa] 100.0
E [GPa] 210.4 ∆𝜏 [s] 6.4 x 10−7
𝜌 [kg/m3] 7874.0
By applying a step load on the upper surface, while the lower surface is constrained, the




















Figure 5.3: Transient nodal displacement for 𝜈 = 0
The Figure 5.3 b) illustrates the displacement wave for a node located at the center of the
body. The reference solution used to compare this result is developed by Clough and Penzien
(1995). The displacement is measured in the y-direction and it represents the wave of displace-
ments of this non-damped model under a dynamic high-rate step load.
Though the reference solution developed by Clough and Penzien (1995) is an approximate
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response for a continuum body, the effect of Poisson’s ratio is not included. For the purpose of this
work, a transient test involving the mentioned parameter is developed. The data used are listed in
Table 5.3.
Table 5.3: Macro-simulation parameters: dynamic test 2
Parameter Value Parameter Value
L [mm] 200.0 𝜈 0.29
W [mm] 50.0 𝜎 [Pa] 100.0
E [GPa] 210.4 ∆𝜏 [s] 6.4 x 10−7
𝜌 [kg/m3] 7874.0
Furthermore, the displacement wave is not only evaluated for a central node but it is also













Figure 5.4: Transient nodal displacement for 𝜈 = 0.29
The previous results are stored to be used throughout the transition analysis between the
macro and micro scales.
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From the point of view of polycrystalline materials, it is necessary to evaluate multiple re-
gions. To verify the accuracy of the mass matrix computation, which is used in Equation (3.42), the
following test is developed. This test assesses the behavior of a body for wich the only applied load
its the own weight. The simulation data are summarized in Table 5.4.
Table 5.4: Macro-simulation parameters: multiregion test by the own weight
Parameter Value Parameter Value
L [m] 20.0 𝜌 [kg/m3] 1.0
W [m] 10.0 𝜈 0.1
E [Pa] 195.0
If 𝜌𝑔 is the weight per unit volume of the body, the boundary conditions give zero stresses for
the lower end, and for the upper end, the uniformly distributed tensile stress results. Figure 5.5 a)
shows the boundary condition for the multi-domain body.





























Figure 5.5: Multi region body stretched by its own weight
The Figure 5.5 b) provides information about the nodal displacement for a point ‘v’ located
at the center of the lowest surface. The test is developed by changing the acceleration 𝑔 in the




It is known that macroscopic problems are commonly modeled as isotropic bodies due to
overall homogenized effects. In contrast, polycrystalline structures are found when the material is
analyzed at the microscale, and as a consequence, an anisotropic approach must be implemented. In
this scale, the algorithm of Voronoi is widely used to reproduce the crystal morphologies (OKABE
ET AL., 2009). As an example, Figure 5.6 illustrates the generation of several polycrystalline






Figure 5.6: Polycrystalline structures using Voronoi tesselation
The purpose of this work is not only to analyze a macro and micro transition, but also to
enhance the number of regions to be modeled. Table 5.5 summarizes the information of different
number of grains within an area of 1.0 mm2.
Table 5.5: Grain morphology
N. Grains Average area Grain size
x10−3 [mm2] Max-area x10−3 [mm2] Min-area x10−3 [mm2]
50 20.000 51.543 3.860
300 3.333 7.767 1.376
500 1.996 6.828 0.760
1000 0.999 2.028 0.413
3000 0.333 0.910 0.132
The area of a single grain varies from 20.00x10−3 mm2 for 50 grains to 0.33x10−3 mm2
for 3000 grains. These numbers of grains correspond to the grain size G3.0 and G12.0 given by
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ASTM E1382-97 (2015). The Figure 5.7 provides information of the grain size distribution for a
polycrystalline material of 1000 grains.
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Figure 5.7: Grain size distribution
In this scale, the number of equations to be solved increases with the number of grains. Fur-
thermore, it is useful to model each grain as a continuum body, applying displacement compatibility
and traction equilibrium at the grain interfaces, see Equation (3.40), and Equation (3.41). Regarding
the mesh generation, the boundary discretization just lies on the boundary of the grains. Figure 5.8
illustrates the mesh generation for a polycrystalline structure where three-node isoparametric ele-
ments are used to represent the domain.
Figure 5.8: Boundary discretization for a polycrystalline material
In contrast to the macroscale, the nodes of the element (e) are located inside the limits of the
element. This implementation avoids the singular approximation among nodes of adjacent grains.
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The following test presents the transient response of a polycrystalline material due to a step
load. The elastic properties of iron are used, whose constants are available in Kiewel et al. (1996).
Thereby, the symmetry of the stiffness tensor depends on the BCC lattice (see Equation (3.39)).
Table 5.6 summarizes the data used in the simulation.
Table 5.6: Micro-simulation parameters: dynamic test 1
Parameter Value Parameter Value
𝐶11[GPa] 230.0 ∆𝑡 [s] 3.8 x 10−8
𝐶12[GPa] 135.0 N. Grains 200
𝐶44[GPa] 117.0 N. Elements 10764
𝜎 [Pa] 1.0 N. Nodes 32292
After applying the traction on the upper surface, while the lower surface is constrained, the
transient displacement for a central node is evaluated and it is visualized in Figure 5.9.


















Figure 5.9: Transient nodal displacement by a step load
The Figure 5.9 illustrates the displacement for a node located at the center of the polycrys-
talline domain. It is possible to compare this model using the effective macroscopic Young’s mod-
ulus of iron into the analytical solution described by Clough and Penzien (1995). The convergence
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of the properties of the polycrystalline material to the isotropic constitutive behavior is presented
by Galvis et al. (2018a). In addition, a similar process is developed to obtain the wave of displace-
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Figure 5.10: Transient nodal displacement by a ramp load
The reference solution observed in Figure 5.10 is developed by Galvis et al. (2018b). In order
to analyze the transient displacement wave in polycrystalline materials, several simulations varying
the number of grains inside the same domain are presented in Figure 5.11. The measurements are
developed using the elastic parameters listed in Table 5.6. Consequently, Table 5.7 summarizes the
information of the boundary discretization.
Table 5.7: Information about grain discretization






It is observed in Figure 5.11 that is possible to treat a greater number of grains and the tran-
sient analysis still converges satisfactorily. This results describes the change of displacements from
the upper surface. Consequently, the perturbation, which is caused by the step load, is propagated
inside the solid until achieving the maximum displacement value. Thereby, the wave is reflected
































Figure 5.11: Displacement wave for a polycrystalline material. The results correspond to four dif-
ferent numbers of grains: a) 50 grains, b) 500 grains, c) 1000 grains, d) 3000 grains. The figure
shows the distribution of the 𝑦 component measures in nm
Continuing with the dynamic analysis at the microscale, the following test described the
transition response from the macro to the microscale using prescribed boundary conditions. This
approach is based on internal points evaluated at the macroscale, see Figure 5.4 a). The simulation
time is fifted in the range 36.0 ns and 38.4 ns of the data registered from the macroscale (see Fig-
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ure 5.4 b). A polycrystalline structure of 3000 grains is conditioned with the prescribed boundary
conditions at the upper and the lower surface. The displacement wave for a central node inside the







Figure 5.12: Transient nodal displacement due to prescribed conditions
The partial region shown in Figure 5.12 represents an area of 1 mm2. The two curves il-
lustrated in blue and red represent the influence of the displacements if they are analyzed at the
macroscale, taken from Figure 5.4. The prescribed conditions are represented as a ramp load since
it is the behavior at the specified simulation time, from the macroscale. The displacement in the x-
direction is not taken into consideration because the results are lower than 0.1%. It is observed that
the displacement of the internal point oscillates around the displacement field imposed. To achieve
this result, it is necessary to reduce significantly the time step to 1.0 ns. The number of time steps
used in this simulation are 120.
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6 Failure Simulations
The multiscale cohesive zone model (MCZM) is applied in order to simulate the crack prop-
agation at the microscale. This work considers the EAM potential to evaluate from the lattice con-
stitutive structure the energy to disrupt an atomic essential arrangement. Then, from this atomistic
approach, the information is transferred using the Cauchy-Born rule to analyze the cut off radius
and to remove the cohesive zone elements. Several simulation tests are presented in this chapter,
each one varying the number of grains that are contained in the same domain.
6.1 Intergranular crack propagation
The Figure 6.1 illustrates a polycrystalline structure with prescribed boundary conditions.
These conditions represent the displacement response, which is obtained in the macroscale analysis,
see Figure 5.12. In order to reproduce a failure, a pre-crack is created in the left middle part of the
polycrystalline domain.
Figure 6.1: Boundary prescribed conditions for a polycrystalline domain
The cohesive interface elements (CIEs) are constructed between grains (see Figure 4.1).
These elements require to be modeled as new regions. Thus, the total number of regions to be
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evaluated corresponding to the number of grains and the CIES. The simulations are developed
using iron elastic properties, and the constants are listed in Table 6.1.





The formulation to evaluate the potential energy of the lattice structure is described in Equa-
tion (4.10). The parameters associated with iron are developed by Dai et al. (2006). These constants
are summarized in Table 6.2.























The process to propagate an intergranular crack begins with the strain energy evaluated in the
CIE and transferred to a BCC arrangement using the Cauchy-Born rule (Equation (4.9)). Then, the
energy of the lattice structure is disrupted due to the change of atomic radius. Thereby, the cohesive
traction (Equation (4.19)) is evaluated in order to determine which CIE will be removed.
Several tests are illustrated from Figure 6.2 to Figure 6.5 in order to present the displacement
wave in the y-direction and the crack path evolution. At the beginning of simulation is shown that
the crack propagates horizontally, and then bifurcates due to perturbation of the displacement wave
reflected from the boundary conditions. In order to compare each test and to observe the crack
propagation, it is necessary to increase the number of time steps for each simulation.
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6.2 Failure simulation: 30 Grains
00.0 11.0 22.0 34.0 44.7
v [m]
Figure 6.2: Transient nodal displacement, measurements in 𝑦-direction- 30 Grains
Table 6.3: Simulation parameters: 30 Grains
Parameter Value
Number of interfaces (CIEs) 204
Number of elements 1448
Number of nodes 4359
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6.3 Failure simulation: 50 Grains
6.6e-7 1.3e-6 2e-6 2.6e-6 3.3e-6 3.9e-60.000e+00 4.586e-06
00.0 06.6 13.0 20.0 26.0 33.0 39.0 45.8
v [m]
Figure 6.3: Transient nodal displacement, measurements in 𝑦-direction-50 Grains
Table 6.4: Simulation parameters: 50 Grains
Parameter Value
Number of interfaces (CIEs) 363
Number of elements 2532
Number of nodes 7596
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6.4 Failure simulation: 200 Grains
6.6e-7 1.3e-6 2e-6 2.6e-6 3.3e-6 3.9e-60.000e+00 4.586e-06.0 0 .6 1 .0 0.0 2 .0 33.0 3 .0 45.8
v [m]
Figure 6.4: Transient nodal displacement, measurements in 𝑦-direction-200 Grains
Table 6.5: Simulation parameters: 200 Grains
Parameter Value
Number of interfaces (CIEs) 1686
Number of elements 11420
Number of nodes 34260
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6.5 Failure simulation: 500 Grains
1.8e-6 3.5e-6 5.3e-6 7e-6 8.8e-6 1.1e-50.000e+00 1.230e-050 .0 1 .0 5.0 53.0 79.076.0 80.10 88.0
v [m]
Figure 6.5: Transient nodal displacement, measurements in 𝑦-direction-500 Grains
Table 6.6: Simulation parameters: 500 Grains
Parameter Value
Number of interfaces (CIEs) 4457
Number of elements 29935
Number of nodes 89805
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6.6 Failure simulation: 1000 Grains
3.7e-8 7.4e-8 1.1e-7 1.5e-7 1.8e-7 2.2e-70.000e+00 2.576e-07.0 18.0 35.0 53.0 79.076.0 80.10 88.0
v [m]
Figure 6.6: Transient nodal displacement, measurements in 𝑦-direction-1000 Grains
Table 6.7: Simulation parameters: 1000 Grains
Parameter Value
Number of interfaces (CIEs) 9034
Number of elements 60438
Number of nodes 181314
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7 Conclusions
This work was based on a dynamic analysis of heterogeneous materials from the macroscopic
to the atomistic scale. To model both macro and micro domains, the BEM transient approach was
used. At the interfaces of grains and to propagate an intergranular failure from the atomistic scale,
the MCZM was developed. This work highlighted the understanding of heterogeneous materials
from the point of view of the atomistic essential arrangement.
At the beginning, a state-of-the-art of multiscale analysis for polycrystalline materials was
presented. It included a review of computational implementations and several works developed
to model atomistic behaviors. The constitutive and equilibrium equations for elastic materials have
been briefly reviewed in the first two chapters. In order to provide the basis of BEM for the dynamic
analyses, the basic background was presented in the subsequent chapters. Furthermore, the MCZM
was described in the fourth chapter. Finally, the results were shown.
It was applied to macro and micro domains the BEM. The analysis considered isotropic
and anisotropic formulations at the macro and micro scales, respectively. One of the significant
advantages of using this computational technique is the mesh discretization, which just lies on
the boundaries. It allows treating problems with a high number of gradients. Due to the general
assembly at the microscale is highly sparsity, a reduction was developed storing only the non-zero
entries. This approach decreased the computation time of the BEM solution.
In order to verify the results, the simulations were compared to reference solutions found in
the literature, showing good agreement. On the other hand, the BEM presents the possibility to
fit boundary prescribed conditions as displacement entries. It allowed transferring the information
obtained from the macroscale to boundary conditions at the microscale. Furthermore, it represented
a new way to transfer dynamic macro information to small regions.
In reference to the modeling of intergranular regions between grains, the MCZM was used.
After using this methodology, the strain information of these zones (CIEs)was computed. Then,
using the Couchy-Born rule was possible to transfer the information to disrupt an essential lattice
structure. In addition, the EAM potential was used in order to compute the required energy to break
the atomistic bonds. Thereby, from a traction criterion, the CIEs were removed in order to propagate
an intergranular crack.
82
In this study, the computational code was implemented in Fortran 90, using the GNU com-
piler gfortran. The multiprocessor parallelization of the code was accomplished using the OpenMP
interface. The visualization curves were obtained using PARAVIEW and MATLAB. Moreover, the
simulations over 200 grains were carried out in the Kahuna cluster belonging to the Center for
Computational Engineering and Sciences at the University of Campinas.
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